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A STUDY OF THE: MARKOV GAME 
APPROACH TO TACTICAL M A N E U V E R I N G  PROBLEMS 
By Sheldon Baron, David L .  Kleinman and S a u l  Serben  
B o l t  Ee ranek  arid Newman I n c .  
Cambridpe, Massachuse t t s  02138 
1. INTRODUCTIQN 
Problems conce rn iny  t h e  t a c t i c a l  maneuverinp of a i r c r a f t  h'ave 
assumed j r l c r e a s i n p  impor tance  i n  r e c e n t  years .  I n s o f a r  as these 
problems i n v o l v e  dynamic systems i n  c o m p e t i t i o n ,  it i s  n a t u r a l  t o  
a t tempt  t o  apply  " d i f f e r e n t i a l  pame t h e o r y "  t o  t h e i r  s o l u t i o n .  
However, r e a l i s t i c  a e r i a l  combat problems, i n v o l v i n g  n o n l i n e a r  
dynamics and i m p e r f e c t  i n f o r m a t i o n ,  appear t o  be  beyond s o l u t i o n  
by s ta te-of- the-ar t  d i f f e r e n t i a l  pame methods.  
I n  a r e c e n t  s t u d y  ( R e f . l ) ,  we S U p y e S t e d  a nove l  c o n c e p t u a l i -  
z a t i o n  o f  the  p u r s u i t - e v a s i o n ,  manned a e r i a l  combat problem a l o n g  
w i t h  a c o r r e s p o n d i n p  computa t iona l  scheme f o r  i t s  s o l u t l o n .  I n  es- 
s e n c e ,  o u r  approach was t o  formula te  t h e  problem as a Yarkov pame 
by d i s c r e t i z i n g  t h e  s t a t e  and c o n t r o l  s p a c e s  i n  a Fanner  d i c t a t e d  
b y  p h y s i c a l  c o n s i d e r a t i o n s .  The Markov pame problem cou ld  t h e n  b e  
s o l v e d  i t e r a t i v e l y .  The method accommodated n o n l i n e a r  dynamics 
ea s i ly  and  t h e  l a c k  of  p e r f e c t  i n fo rma t ion  was accounted  f o r  d i r -  
e c t l y  i n  t h e  problem f o r m u l a t i o n .  Fur thermore ,  t h e  computa t ion  
scheme y i e l d e d  o p t i m a l  feedback  s t r a t e p i e s  f o r  t h e  problem. 
The Markov pame approach t o  aer ia l  combat problems seemed t o  
have c o n s i d e r a b l e  p o t e n t i a l  b u t  i t  had no t  been  a d e q u a t e l y  t e s t e d .  
I n  p a r t i c u l a r ,  there  was a s e r i o u s  q u e s t i o n  as t o  t h e  p r a c t i c a l i t y  
o f  t h e  method because  it imposed larpte computa t iona l  demands. 
T h i s  s t u d y  was unde r t aken  t o  o b t a i n  a b e t t e r  a p p r a i s a l  of  t h e  
Markov approach .  Our prime o b j e c t i v e  was t o  a p p l y  t h e  t e c h n i q u e  
t o  a r e a s o n a b l y  complex a e r i a l  combat problem s o  t h a t  w e  cou ld  
assess the computa t iona l  problems more r e a l i s t i c a l l y .  Secondary 
g o a l s  were t o  i n c r e a s e  b a s i c  u n d e r s t a n d i n g  o f  t h e  t e c h n i q u e s  and 
t o  develop improved computa t iona l  p rocedures .  
T o  f u l f i l l  o u r  aims, w e  deve loped  a s o p h i s t i c a t e d ,  r e l a t i v e l y  
gene ra l  computer program f o r  s o l v i n g  Markov games o f  a e r i a l  com- 
b a t .  The program, c a l l e d  MAGPIE, was f i r s t  used t o  o b t a i n  s o l u -  
t i o n s  t o  t h e  d i sc re t e  v e r s i o n s  o f  t h e  Homocidal Chauffeur  and Two- 
Car problems s o l v e d  p r e v i o u s l y  i n  Reference  1 w i t h  a s p e c i a l  pur-  
pose  program; t h i s  provided  a b a s i c  check of MAGPIE. Numerical 
i n v e s t i p a t i o n s  o f  these h i g h l y  i d e a l i z e d  p l a n a r  combat problems 
allowed u s  t o  e x p l o r e  a n a l y t i c  and computa t iona l  a s p e c t s  of  t h e  
Markov approach i n  a r easonab ly  wel l -unders tood ,  c o s t - e f f e c t i v e  
c o n t e x t .  
We t h e n  used t h e  MAGPIE program t o  s o l v e  a v a r i a b l e - s p e e d ,  
p l a n a r  combat problem. T h i s  was a f i v e  s t a t e - v a r i a b l e  problem 
w i t h  e q u a t i o n s  o f  motion t h a t  were h i g h l y  n o n l i n e a r .  To o u r  
knowledge, t h i s  i s  t h e  most complex dynamic Fame f o r  which a "so lu-  
t i o n "  h a s  been o b t a i n e d .  However, e x t r a p o l a t i n g  t h e s e  r e s u l t s  
leads u s  t o  conclude t h a t  a r e a l i s t i c ,  t h ree -d imens iona l  problem 
i s  beyond c u r r e n t  c a p a b i l i t y .  We t h e r e f o r e  suggest  some modi f ica-  
t i o n s  t o  t h e  b a s i c  approach t h a t  are  l i k e l y  t o  r e s u l t  i n  u s e f u l  
answers t o  meaningful  problems o f  a somewhat reduced scope .  
The r e p o r t  i s  o rgan ized  as f o l l o w s .  C h a p t e r  2 c o n t a i n s  a 
b r i e f  review of  t h e  Markov game approach t o  manned aer ia l  combat 
problems. An overview of  t h e  MAGPIE program i s  p r e s e n t e d  i n  
Chapter 3. The numer i ca l  i n v e s t i F a t i o n s  of  t h e  Homocidal Chauf- 
f e u r  and Two-Car problems are d i s c u s s e d  i n  Chap te r  4 .  
game approach i s  a p p l i e d  t o  t h e  v a r i a b l e  speed  p l a n a r  combat prob- 
l e m  i n  Chapter  5 .  I n  Chapter  6 ,  w e  examine t h e  computa t iona l  
f e a s i b i l i t y  o f  t h e  Markov approach ,  i n  l i p h t  o f  t h e  r e s u l t s  of  
app ly ing  MAGPIE t o  p l a n a r  combat problems.  Concluding remarks 
and sugges t ions  f o r  f u r t h e r  work are  c o n t a i n e d  i n  Chap te r  7 .  
The Markov 
2 
2 .  BACKGROUND 
I n  t h i s  c h a p t e r  we summarize the  Markov game approach t o  
manned a e r i a l  combat problems as developed i n  Reference  1. We 
o u t l i n e  t h e  f o r m u l a t i o n  o f  t h e  problem as a Markov game and t h e  
computa t iona l  s o l u t i o n  t o  t h i s  game. We a l s o  d i s c u s s  b r i e f l y  
some problem areas, raised i n  Reference 1, t h a t  gave impetus  and 
d i r e c t i o n  t o  t h i s  work. We emphasize m o t i v a t i o n  and u n d e r l y i n g  
concep t s  here;  mathemat ica l  d e t a i l s  may be found i n  Reference  1. 
I Prob lem Formulat ion 
I The "computa t iona l"  scheme t h a t  we have developed f o r  
s t u d y i n g  manned ae r i a l  combat problems i s  based p r i m a r i l y  on two 
p h y s i c a l  c o n c e p t s .  The  f i r s t  r e l a t e s  t o  t h e  i n f o r m a t i o n  upon 
whicn t h e  p i i o t s  m u s t  iiilaice t h e f r  e m t r ~ l  decisions. The secnnd 
r e l a t e s  t o  t h e  n a t u r e  of t h e  d e c i s i o n s  themse lves .  
I 
An engapement between two v e h i c l e s  can  b e  d e s c r i b e d  mathe- 
m a t i c a l l y  i n  some s t a t e - s p a c e  - X by t h e  time e v o l u t i o n  o f  a s t a t e  
t r a j e c t o r y  - x ( t ) ,  as governed by  a p p r o p r i a t e  dynamical e q u a t i o n s  o f  
motion.  I n  g e n e r a l ,  t h e  components of  - x ( t )  would r e p r e s e n t  t h e  
a i r c r a f t s  p o s i t i o n s ,  v e l o c i t i e s ,  e t c .  a t  some time t . Concep- 
t u a l l y ,  bu t  ra re ly  i n  p r a c t i c e ,  t h e  knowledge of  - x ( t )  coupled w i t h  
t h e  v e h i c l e s '  e q u a t i o n s  of motion and t h e  o b j e c t i v e  of  t h e  e n c o u n t e r ,  
i s  a l l  t h a t  i s  needed by  " d i f f e r e n t i a l  game theory ' '  t o  p r o v i d e  
o p t i m a l  p u r s u i t  and e v a s i o n  c o n t r o l  s t r a t e g i e s .  U n f o r t u n a t e l y ,  i n  
manned a e r i a l  combat s i t u a t i o n s  t h e  p i l o t s  r a r e l y  have p r e c i s e  
knowledee of t h e  s t a t e  - x ( t )  and must base t h e i r  c o n t r o l  a c t i o n s  on 
i m p r e c i s e  estimates o f  t h e  c u r r e n t  s t a t e  of  p l a y .  
3 
We at tempt  t o  i n c l u d e  t h i s  p h y s i c a l  c o n s t r a i n t  d i r e c t l y  
i n t o  t h e  problem f o r m u l a t i o n .  Our approach i s  t o  decompose t h e  
s t a t e  space 5 i n t o  d i s j o i n t  b locks  So, S1,. . . ,SN. These b l o c k s  
may be o f  a rb i t r a ry  s i z e  and shape  and s a t i s f y  
N 
i = o  
We assume t h a t  bo th  p l a y e r s  know t h e  s y s t e m  s t a t e  on ly  t o  w i t h i n  a 
b l o c k  Si. Thus, a p l a y e r  cannot  d i s c e r n  where t h e  s t a t e  i s  w i t h i n  
Si, b u t  on ly  t h e  fac t  t h a t  - x ( t )  i s  somewhere ( w i t h ,  e .g . ,  uniform 
p r o b a b i l i t y )  i n  t h e  known b lock .  As time e v o l v e s ,  t h e  s t a t e  tra- 
j e c t o r y  w i l l  make t r a n s i t i o n s  from b l o c k  t o  b l o c k .  It i s  assumed 
t h a t  only these t r a n s i t i o n s  are p e r c e i v e d  by t h e  p l a y e r s .  The 
b locks  Si may be though t  of  as "pe rce ived  s ta tes"  f o r  a d i s c r e t i z e d  
game. I n  g e n e r a l ,  t h e  s t a t e - s p a c e  decomposi t ion  shou ld  r e f l e c t  
p h y s i c a l  c o n s i d e r a t i o n s  i n h e r e n t  i n  t h e  problem (e .@;. ,  i n t r i n s i c  
problem geometry)  and human l i m i t a t i o n s  r e l a t i n g  t o  p e r c e p t i o n  
and/or  e s t i m a t i o n  and i n f o r m a t i o n  p r o c e s s i n g .  
* 
The s t a t e  t r a n s i t i o n s  from b lock  t o  b lock  are i n f l u e n c e d  by 
t h e  p a r t i c u l a r  c o n t r o l  a c t i o n s  t a k e n  by  t h e  p l a y e r s .  Of t en ,  these 
c o n t r o l  a c t i o n s  can  a l s o  be d i s c r e t i z e d  i n  a meaningfu l  way.  I n  
o u r  approach, w e  assume t h e  c o n t r o l  s trategies o f  t h e  p l a y e r s  are 
c o n s t r u c t e d  from a f i n i t e  s e t  of " c a n o n i c a l  c o n t r o l  maneuvers . ' I  
The "maneuvers" i n  t h i s  se t  cou ld  b e  bas ic  a c t i o n s ,  such  as v a r i o u s  
g- turns ,  -pu l l -ups  and - d i v e s ,  The s e t  cou ld  a l s o  i n c l u d e  more 
s p e c i a l i z e d  o r  complex maneuvers such as a " s c i s s o r s "  o r  a 'tyo-yo." 
P 
The assumption t h a t  a " t r a n s i t i o n "  i s  p e r c e i v e d  " p e r f e c t l y "  i s  
c o n s i s t e n t  w i t h  t h e  n o t i o n  o f  a uniform p r o b a b i l i t y  d i s t r i b u t i o n  
w i t h i n  a b l o c k .  A d i f f e r e n t  s e t  o f  assumpt ions  i s  p o s s i b l e  and 
may prove t o  be desirable i n  some i n s t a n c e s .  
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I n  any c a s e ,  w e  i n t r o d u c e  i n t o  t h e  p rob lem f o r m u l a t i o n  a f i n i t e  
se t  of  c o n t r o l  c h o i c e s  f o r  t h e  pu r sue r  and evade r ,  denoted  r e spec -  
t i v e l y  b y  U, = (g1,s2 ,..., u 1 and V = (v_ ,..., v - }. Ci 1 B B - 
Suppose t h a t  a p a r t i c u l a r  pair  o f  maneuvers ( u E U ~ , ~ E V  ) have B - 
been s e l e c t e d  by t h e  p l a y e r s .  
t o  some new v a l u e  under  t h e  i n f l u e n c e  of t h e  dynamic e q u a t i o n s  o f  
Then, a g i v e n  s t a t e  - x ( t )  would evo lve  
motion. However, t h e  " a c t u a l "  s ta te  - x ( t )  i s  n o t  known t o  t h e  
p l a y e r s ;  a l l  t h a t  i s  known is  t h a t  - x ( t )  i s  i n  some b l o c k ,  s a y  Si .  
Hence, a p a r t i c u l a r  t r a j e c t o r y  cannot b e  " fo l lowed"  and t h e  most 
t h a t  one can  hope t o  de te rmine  are t h e  p r o b a b i l i t i e s  o f  t r a n s i t i o n s  
between b l o c k s ,  under  t h e  a c t i o n  of a p a r t i c u l a r  maneuver p a i r .  
T h e r e f o r e ,  we d e f i n e  
( s ,v )  p r o b a b i l i t y  of a t r a n s i t i o n  from biocfi si 
t o  b lock  S ,  w i t h  maneuvers (;,VI 
i j  
- " 
Thus, t h e  n a t u r e  of  o u r  d i s c r e t i z i n g  assumpt ions  r educes  t h e  dynamic 
s i t u a t i o n  t o  one of  a c o n t r o l l a b l e  Markov c h a i n .  
I To f o r m u l a t e  a Markov pame, we must s t i p u l a t e  t h e  g o a l s  of t h e  
p l a y e r s .  I n  p u r s u i t - e v a s i o n  problems, t h e  a t t a c k e r ' s  g o a l  may b e  
expres sed  i n  terms o f  p l a c i n g  t h e  t a r g e t  i n  some h i g h l y  des i rab le  
( c a p t u r e )  s t a t e  a t  minimum " c o s t " .  On t h e  o t h e r  hand,  i t  i s  as- 
sumed t h a t  t h e  evade r  wishes  t o  avoid c a p t u r e  i f  p o s s i b l e ,  o r  t o  
maximize t h e  c o s t  of c a p t u r e .  Thus, t o  q u a n t i f y  t h e  p l a y e r s '  
g o a l s ,  we must d e f i n e  t h e  c a p t u r e  s t a t e  and t h e  c o s t .  Fo r  con- 
ven ience ,  w e  l e t  t h e  c a p t u r e  s t a t e  correspond t o  t h e  f i rs t  state- 
b lock  So. Then, b y  d e f i n i t i o n ,  
* 
P = {  0 i # O  
Oi 1 i - 0  
P 
T h i s  i s ,  o f  c o u r s e ,  t h e  zero-sum game s i t u a t i o n .  
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We a s s o c i a t e  a n  i n c r e m e n t a l  c o s t  w i t h  each  t r a n s i t i o n  between 
b locks ,  d e f i n i n g  
c i j ( g , v )  6 t h e  aueragd c o s t  o f  a t r a n s i t i o n  from Si t o  
S u s i n g  t h e  maneuver p a i r  ( u , v ) .  - -  
j 
Notice t h a t  we must u s e  average  o r  expec ted  c o s t s  because  o f  t h e  
u n c e r t a i n t y  i n  t h e  s ta te .  
The t o t a l  expec ted  c o s t  w i l l  depend on t h e  i n i t i a l  s ta te  
and on t h e  s t r a t e g i e s  employed by t h e  p l a y e r s .  
i s  def ined  as a s e t  o f  N a l l o w a b l e  c o n t r o l  maneuvers,  
A u - s t r a t e g y ,  nu, 
- u ( i ) E U a ( i = l ,  ..., N ) ,  such  t h a t  t h e  maneuver - u ( i )  i s  a p p l i e d  when- 
e v e r  the  s ta te  of  t h e  game i s  Si. 
t h e  evader's s t ra tegy ,  nv .  Thus, s t ra teg ies  are s imply  feedback 
laws de f ined  o v e r  t h e  d i s c r e t e  space: lfll si . Denoting by  V ' ( i )  
t h e  t o t a l  c o s t  i n c u r r e d  f o r  a game s t a r t i n p  i n  Si and p l ayed  w i t h  
p o l i c y  p a i r  IT = ( m u , n v ) ,  w e  have 
A similar d e f i n i t i o n  app l i e s  t o  
i-1 
The opt imal  s t r a t e g y  p a i r ,  i n  a game- theore t ic  s e n s e ,  i s  t h e  p a i r  
'TI* = (n:,) f o r  which 
V ' * ( i )  = Min Max V T ( i )  = Max Min V ' ( i ) ,  f o r  a l l  i ( 2 )  
"II ' l l  u v  v u  
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Given t h e  n a t u r e  of  t h e  s t a t e  and c o n t r o l  space d i s c r e t i z a t i o n s ,  
w e  see how t h e  s o l u t i o n  t o  t h e  Markov game might  r e f l e c t  a b a t t l e  
s i t u a t i o n  i n  which t h e  p i l o t s  s e l e c t  p a r t i c u l a r  " s t y l i z e d "  maneu- 
v e r s  (perhaps  l e a r n e d  i n  t r a i n i n e ; ) ,  t h a t  best s e r v e  t h e i r  respec- 
t i v e  g o a l s ,  based on a r e l a t i v e l y  crude assessment  o f  t h e i r  s i t u -  
a t i o n .  
Method of  S o l u t i o n  
There  are two bas i c  elements  i n  t h e  s o l u t i o n  o f  aer ia l -  
combat Markov game descr ibed  above,  F i r s t ,  t h e  t r a n s i t i o n  proba-  
b i l i t i e s  p (1,~) must b e  determined. Second, g iven  t h e  t r a n s i t i o n  
p r o b a b i l i t y  m a t r i x ,  t h e  Markov game must be s o l v e d  t o  f i n d  the 
o p t i m a l  strateeies.  
i j  
Both a s p e c t s  o f  t h e  problem s o l u t i o n  are g r e a t l y  b e n e f i t t e d  
by  assuming t h a t  once t h e  p l a y e r s  choose t h e i r  c o n t r o l  maneuvers 
-' u v - i n  a g iven  b lock  Si,  t h e y  must con t inue  t o  employ these man- 
euve r s  u n t i l  t h e  s t a t e  i s  p e r c e i v e d  t o  b e  i n  a new b l o c k .  Once 
a b lock  t r a n s i t i o n  i s  p e r c e i v e d  t h e  p l a y e r s  may change t o  a new 
maneuver. T h i s  assumption i s  appea l ing  from a p h y s i c a l  v iewpoin t  
s i n c e  c o n t r o l  d e c i s i o n s  are t h u s  made on t h e  basis  o f  p e r c e i v e d  
i n f o r m a t i o n ,  which, i n  t h i s  ca se ,  changes only  when b lock  t r a n s i -  
t i o n s  o c c u r .  I n  o t h e r  words,  a new d e c i s i o n  i s  made based on t h e  
p e r c e i v e d  outcome o f  t h e  o l d  d e c i s i o n .  From a mathematical view- 
p o i n t ,  t h e  assumpt ion  impl ies  t h a t ,  i n  one s tage,  s t a t e  t r a n s i t i o n s  
are r e s t r i c t e d  t o  only  a d j a c e n t  blocks b e f o r e  t h e  p l a y e r s  r e o p t i -  
mize o v e r  t h e i r  se ts  o f  a l l o w a b l e  maneuvers. I n  consequence,  t h e  
storage requ i r emen t s  and computa t iona l  demands are  s u b s t a n t i a l l y  
l e s s  t h a n  t h o s e  of  a c o n v e n t i o n a l  Markov game f o r m u l a t i o n  i n  which 
t r a n s i t i o n s  between any two s ta tes  a r e  a l lowed.  
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Only i n  ra re  c a s e s  w i l l  i t  be  p o s s i b l e  t o  de te rmine  t h e  
t r a n s i t i o n  p r o b a b i l i t i e s  a n a l y t i c a l l y .  However, t h e y  may b e  com- 
p u t e d  approximate ly  u s i n g  a Monte-Carlo t y p e  method. M p o i n t s  
are d i s t r i b u t e d  uniformly ove r  a g iven  b lock  Si and,  f o r  a g i v e n  
maneuver p a i r  ( u , v ) ,  - -  t h e  e q u a t i o n s  o f  motion are i n t e g r a t e d  f o r -  
ward i n  t ime ,  s t a r t i n g  from each  o f  t h e  M p o i n t s .  The i n t e g r a t i o n  
i s  cont inued  u n t i l  t h e  s t a t e  t r a j e c t o r y  e n t e r s  an  a d j a c e n t  b l o c k .  
I f  M is t h e  number of p o i n t s  i n i t i a l l y  w i t h i n  Si t h a t  are d r i v e n  
t o  S ( w i t h  t h e  g iven  maneuvers u and v ) ,  t h e n  p ( u  v )  M j / M .  
I n  t h e  cour se  of t h i s  computat ion one can  a l s o  de t e rmine  t h e  ave rage  
time of a t r a n s i t i o n  from Si t o  S 
f o r  computing f f c o s t s ' f .  
* 
j 
j i j  -'- - I 
a q u a n t i t y  t h a t  i s  o f t e n  needed 
j '  
Once t h e  t r a n s i t i o n  p r o b a b i l i t i e s  have been  c a l c u l a t e d ,  
there  remains t h e  problem o f  f i n d i n g  t h e  T* t h a t  sa t i s f ies  E q .  ( 2 ) .  
A r e l a t i v e l y  new numer ica l  t e c h n i q u e  ( R e f s . 2 , 3 ) ,  based on t h e  Gauss- 
Se ide l  method f o r  s o l v i n g  l i n e a r  e q u a t i o n s ,  p r o v i d e s  a convergent  
a l g o r i t h m  f o r  de t e rmin ing  t h e  o p t i m a l - s t r a t e g i e s  and -expec ted  
c o s t  The s a l i e n t  f e a t u r e  o f  t h e  computa t iona l  scheme i s  a mono- 
t o n e  convergence t ha t  i s  gua ran teed  t o  b e  more r a p i d  t h a n  s t r a i g h t -  
forward dynamic programming. 
** 
Problem Areas 
Reference 1 demonst ra ted  t h e  p o t e n t i a l  o f  t h e  Markov approach 
t o  aer ia l  combat problems,  b u t  it l e f t  un reso lved  some i m p o r t a n t  
problems. The key  problem concerns  computa t iona l  r e q u i r e m e n t s .  
The n e c e s s i t y  o f  computing t h e  t r a n s i t i o n  p r o b a b i l i t i e s  p ( u , ~ )  
f o r  a l l  i ,  - u and - v imposes t h e  largest  burden .  While each  compu- 
t a t i o n  may be  r e l a t i v e l y  s imple  i n  i t s e l f ,  a r e a l i s t i c  problem 
ij 
* 
**  O r  u n t i l  a p r e d e s i g n a t e d  time has elapsed. 
When t h e  game has no sadd le -po in t  s o l u t i o n ,  t h e  a l g o r i t h m  w i l l  
y i e l d  min-max ( o r ,  i f  desired,  max-min) s o l u t i o n s .  
a 
could  i n v o l v e  an enormous number of such  c a l c u l a t i o n s .  A re lated 
problem i s  t h e  s t o r a g e  of t h e  p 's. It i s  u n l i k e l y  t h a t  t h e y  
could  be s t o r e d  i n  c o r e  and r e a d i n g  them from o t h e r  s t o r a g e  d e v i c e s  
i n c r e a s e s  t h e  e f f e c t i v e  computat ion time. The i t e r a t i v e  s o l u t i o n  
of t h e  d i s c r e t e  Markov game p r e s e n t s  a lesser, b u t  n o n t r i v i a l ,  
approximate ly  o n e - t h i r d  of  t h e  t o t a l  computat ion time was devoted  
I 
i j  
I computa t iona l  demand. I n  t h e  examples s o l v e d  i n  Reference  1 
I t o  t h e  i t e r a t i v e  procedure .  
I 
The magnitude o f  t h e  computa t iona l  r equ i r emen t s  raises a 
q u e s t i o n  as t o  how r e a l i s t i c  a problem it i s  feasible  t o  s o l v e  by 
t h i s  method. A c o r o l l a r y  i s s u e  concerns methods f o r  r e d u c i n g  t h e  
computa t iona l  l oad .  The r e s u l t s  of Reference  1 d i d  n o t  s h e d  much 
l i g h t  on these problems. The examples  s o l v e d  the re ,  namely t h e  
familiar Homocidal Chauffeur  and Two-Car games invo lved  compara- 
t i v e l y  s i m p l e  dynamic s f t u a t i o n a .  The bu l r lpu ter  przgrams used i n  
t h e i r  s o l u t i o n  were q u i t e  s p e c i a l i z e d  and there  was no o p p o r t u n i t y  
t o  e x p l o r e  means f o r  improving o r  op t imiz ing  t h e  t e c h n i q u e s .  
Thus, it was no t  p o s s i b l e  t o  make r e l i a b l e  e x t r a p o l a t i o n s  t o  real- 
i s t i c  problems. 
A number of i s s u e s  of a more a n a l y t i c  n a t u r e  r e q u i r e  f u r t h e r  
s t u d y .  The e f f e c t s  of  changes i n  s t a t e - s p a c e  d i s c r e t i z a t i o n  are  
o f  c o n s i d e r a b l e  i n t e r e s t .  I n  p a r t i c u l a r ,  one would l i k e  t o  know 
i f  t h e  s o l u t i o n  t o  t h e  Markov game approaches  t h a t  o f  a correspond-  
i n g  d i f f e r e n t i a l  game as the  d i s c r e t i z a t i o n  becomes f i n e r .  Another,  
perhaps  re la ted,  q u e s t i o n  concerns  t h e  e x i s t e n c e  o f  a sadd le -po in t  
s o l u t i o n  t o  t h e  d i sc re t e  Markov game. Even i f  t h e  con t inuous  game 
has a p u r e  s t ra tegy  s a d d l e - p o i n t ,  we cannot  be  c e r t a i n  t h a t  i t  
w i l l  be r e t a i n e d  i n  t h e  d i s c r e t i z e d  game. F i n a l l y ,  v e h i c l e  t r a j e c -  
t o r i e s  based on " p l a y i n g  ou t "  t h e  o p t i m a l  s t ra teg ies  would s i g n i -  
f i c a n t l y  enhance o u r  unde r s t and ing  of  t h e  approach;  such  t ra jec-  
t o r i e s  were n o t  o b t a i n e d  i n  Reference 1. 
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3. MAGPIE 
To s o l v e  a c l a s s  of aer ia l  combat problems,  w e  deve loped  a 
f a i r l y  g e n e r a l ,  e s s e n t i a l l y  machine- independent ,  computer program 
c a l l e d  MAGPIE ( f o r  - MArkov - Game P l a n a r  - - I n t e r c e p t - E v a s i o n  - Package ) ,  
The development of t h i s  s o p h i s t i c a t e d  program consumed t h e  major  
p a r t  of o u r  t o t a l  e f f o r t  i n  t h i s  s tudy .  
view of t h e  program, h i g h l i g h t i n g  some Of t he  more i n t e r e s t i n g  
f e a t u r e s  i t  i n c o r p o r a t e s  
Here, w e  p r e s e n t  an over-  
Pro gram S t r u c t u r e  
The s t r u c t u r e  o f  MAGPIE i s  i l l u s t r a t e d  i n  t h e  flow c h a r t  o f  
F i g u r e  1. As can be seen ,  t h e  program i s  modular i n  d e s i g n .  
A c t u a l l y ,  i t  c o n s i s t s  of th ree  major sub-programs, PROBABILITIES,  
MARKOV and TRAJECTORIES. Ezch of t h e  sub-programs u s e s  t h e  same 
i n p u t  program (INPUT).  They can be r u n  i n d e p e n d e n t l y  p r o v i d e d  
t h e y  are r u n  s e q u e n t i a l l y ;  i n  p a r t i c u l a r ,  MARKOV r e q u i r e s  t h e  
o u t p u t  o f  PROBABILITIES and TRAJECTORIES r e q u i r e s  t h e  o u t p u t  o f  
MARKOV. 
The program i n c l u d e s  f e a t u r e s  i n  PROBABILITIES and MARKOV, 
tha t  a l l o w  t h e  computa t ion  t o  be s topped ,  w i t h  p e r t i n e n t  r e s u l t s  
saved  so t h a t  a re-start i s  p o s s i b l e .  T h e s e  "pick-up" f e a t u r e s  
p r o t e c t  a g a i n s t  t h e  loss of large amounts o f  p r o d u c t i v e  computa- 
t i o n  due t o  computer c r a s h e s .  They a l s o  a l low t h e  problem t o  be 
run  i n  segmented f a s h i o n ,  which i s  very  impor t an t  g iven  t h e  long  






I I n p u t  
There are f i v e  c l a s s e s  of i n p u t s  t h a t  compr ise  t h e  INPUT 
program of  MAGPIE: (1) alphanumeric  i n p u t s  ( t i t l e  c a r d s ) ;  ( 2 )  
i n i t i a l i z a t i o n  parameters; (3) aerodynamic and t h r u s t  data tab les ;  
(4) s t a t e - s p a c e  geometry parameters; and ,  ( 5 )  s t r a t e g y  t ab le s .  
The form of  these i n p u t s  was t a i l o r e d  somewhat t o  t h e  dynamics f o r  
t h e  Variable-Speed P l a n a r  Combat p rob lem d e s c r i b e d  i n  Chap te r  5. 
However, t h e  program m o d i f i c a t i o n s  necessa ry  t o  change t o  d i f f e r e n t  
dynamics ( o f  h i g h e r  o r d e r ,  say) are r e l a t i v e l y  minor .  
I From t h e  s t a n d p o i n t  o f  the problem, t h e  most i n t e r e s t i n g  
a s p e c t  o f  t h e  INPUT program r e l a t e s  t o  t h e  s t a t e - s p a c e  geometry 
parameters. The program was w r i t t e n  f o r  f i v e - s t a t e  v a r i a b l e s .  
The number of b l o c k s  f o r  each s ta te  v a r i a b l e  was an  i n p u t  param- 
e t e r ,  w i t h  a maximum o f  20 a l lowed f o r  each  s t a t e .  The s t a t e  
d i s c r e t i z a t i o n  cou ld  b e  n o n l i n e a r ,  as d e f i n e d  by t h e  e q u a t i o n  
j 
= ( S j B ) i  + L ' 2 - l ;  i=l,. . ,N 
( S  j%+l j j  (3) 
where ( S j B ) i  i s  t h e  l o c a t i o n  o f  t h e  i n n e r  boundary of  t h e  i - t h  
b lock  of  t h e  j - t h  s t a t e - v a r i a b l e ;  L i s  t h e  l e n g t h  of  t h e  first 
b l o c k ;  K i s  a " s t r e t c h  f a c t o r " ;  and N i s  t h e  number o f  b l o c k s  
i n  t h e  d i s c r e t i z a t i o n  o f  t h e  j - t h  s t a t e - v a r i a b l e .  ( S j B ) l ,  L j ,  
K and N were i n p u t  pa rame te r s ;  a f t e r  t h e y  were chosen ,  t h e  p ro -  
gram computed t h e  a p p r o p r i a t e  s t a t e - s p a c e  d i s c r e t i z a t i o n  and 




As p a r t  o f  t h e  s t a t e - s p a c e  geometry parameters, one spec i f ies  
t h e  number o f  p o i n t s  per  s t a t e - b l o c k  t o  be used  i n  computing the  
t r a n s i t i o n  p r o b a b i l i t i e s  ( i . e . ,  M i n  Chap te r  2 ) .  The program t h e n  
c a l c u l a t e s  a p p r o p r i a t e  p o i n t - l o c a t i o n s  as f o l l o w s  : t h e  p o i n t s  
are s p r e a d  uni formly  ove r  t h e  range of t h e  s t a t e - v a r i a b l e  and 
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t h e n  t h e  p o i n t  l o c a t i o n s  are " s t r e t c h e d "  i n  accordance  w i t h  t h e  
above t r ans fo rma t ion  ( E q .  3 ) .  
"PROBABILITIES" 
Th i s  sub-proeram computes t h e  t r a n s i t i o n  p r o b a b i l i t i e s  and 
t h e  average t ime  t o  l e a v e  a b lock .  
o f  motion f o r  t h e  problem must b e  i n t e g r a t e d .  A sub- rou t ine  EULER 
per forms t h i s  i n t e g r a t i o n ,  u s i n g  a f i r s t - o r d e r  ( E u l e r )  scheme. 
T h i s  s i m p l e  i n t e g r a t o r  should  s u f f i c e  because o f  t h e  s h o r t  i n t e g r a -  
t i o n  t imes invo lved  i n  a b lock  t r a n s i t i o n .  However, t o  improve 
accuracy  and t o  save  t ime where p o s s i b l e ,  a " r e p u l a r i z e d "  time 
s t ep  i s  employed. 
was chosen as 
To accomplish t h i s  t h e  e q u a t i o n s  
* 
Thus, t h e  t i m e  s t e p  f o r  a p iven  s t a t e - b l o c k  
I A t  = Min 
i 
( 4 )  
where (Ax,) i s  t h e  co r re spond ing  b lock  l e n g t h  f o r  t h e  i - t h  s ta te-  
v a r i a b l e ,  ii i s  t h e  ra te-of-chanpe o f  t h a t  v a r i a b l e  e v a l u a t e d  a t  
t h e  c e n t e r  of  t h e  b lock  and T i s  a n  i n p u t  parameter t h a t  i s  a n  
i n d i c a t i o n  of t h e  "averape" number of  s teps  t o  l e a v e  t h e  b l o c k .  
Another i n t e r e s t i n g  f e a t u r e  of  t h e  PROBABILITIES program i n -  
vo lves  t h e  t r e a t m e n t  o f  " c o r n e r - t r a n s i t i o n s .  '' 
t r a n s i t i o n , "  w e  mean a t r a n s i t i o n  between two n-dimensional  state- 
b l o c k s  t h a t  a r e  "ad jacent '1  i n  t h e  s e n s e  t h a t  t h e y  have a common (n-2)-  
o r  lower-dimensional  edge.  F o r  example,  i n  t h e  two-dimensional  
s i t u a t i o n  i l l u s t r a t e d  i n  F i g u r e  2 ,  S5+1,S3,S7 o r  S 
t r a n s i t i o n s .  
By a "co rne r -  
are c o r n e r -  9 
P-. 
A f i x e d  t ime-step can be  se lec ted ,  a t  t h e  u s e r ' s  o p t i o n .  
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FIG. 2 A " C O R N E R "  T R A N S I T I O N  I N  T W O - D I M E N S I O N S  
0 
The p r o b a b i l i t y  of a t r u e  c o r n e r - t r a n s i t i o n  i s  v i r t u a l l y  z e r o .  
However, because  of t h e  d i s c r e t e  i n t e g r a t i o n , a  s i t u a t i o n  t h a t  
would b e  i n t e r p r e t e d  as a c o r n e r - t r a n s i t i o n  can o c c u r  (See F ig .2 ) .  
The PROBABILITIES program c o r r e c t s  f o r  t h i s  s i t u a t i o n  by "appor- 
t i o n i n g "  amonp a l l o w a b l e  t r a n s i t i o n s .  Thus, i n  t h e  case shown i n  
F i g .  2 ,  it would b e  assumed t h a t  two p o i n t s  were i n t e g r a t e d  and 
t h a t  t r a n s i t i o n s  t o  S2 and t o  s6 had o c c u r r e d .  
program would a d j u s t  t h e  average  time f o r  a t r a n s i t i o n  and i t  
would keep a t a l l y  of t h e  number of p o i n t s  t h a t  appeared t o  undergo 
a c o r n e r - t r a n s i t i o n .  T h i s  l a t t e r  number is, i n  some s e n s e ,  a 
check on t h e  adequacy of t h e  i n t e g r a t i o n  time-step. 
1 
I 
I n  a d d i t i o n ,  t h e  
F i n a l l y ,  i t  shou ld  b e  mentioned t h a t  t h e  computed p r o b a b i l i -  
t i e s  are "packed" f o r  a u x i l i a r y  s t o r a g e .  The number of  p r o b a b i l i -  
t i e s  pe r  "word" i s  an  i n p u t  o p t i o n  -- a n  impor t an t  f e a t u r e  f o r  
machine independence.  For  t h e  CDC-6600, w e  packed e i g h t  p r o b a b i l i -  
t i e s  t o  a word. The word-packing scheme s a v e s  s t o r a g e  space and 
C P U - t i m e  in r e a d i n g  t h e  s t o r e d  p r o b a b i l i t i e s .  
r- 
T h i s  was f i rs t  c a l l e d  t o  o u r  a t t e n t i o n  b y  D r .  John  B i rd  of  NASA-  
Langley Research Center .  No t i ce  t h a t  e l i m i n a t i n  c o r n e r  t r a n s i -  
t i o n s  s a v e s  bo th  s t o r a g e  and computation + t m e  
"MARKOV" 
The program MARKOV takes t h e  p ' s  and c I s  o b t a i n e d  i n  
i j  i d  
PROBABILITIES and computes o p t i m a l  c o s t s  and optimal s t r a t eg ie s .  
Before the  computat ion can p roceed ,  c a p t u r e  c o n d i t i o n s  must b e  
i n p u t  t o  MARKOV. I n  t h e  c u r r e n t  program, c a p t u r e  i s  s p e c i f i e d  by 
th ree  numbers; t h e  f i rs t  two numbers d e s i g n a t e  a p p r o p r i a t e  r a n e e  
( r )  and azimuth ( E )  b lock  numbers, d e f i n i n g  a r e g i o n  i n  r e l a t i v e -  
p o s i t i o n  space t h a t  i s  h igh ly - favorab le  t o  t h e  a t t a c k e r ;  t h e  t h i r d  
number d e s i g n a t e s  t h e  time t h a t  t h e  e v a d e r  must remain i n  t h i s  
r e g i o n  fo r  "cap tu re"  t o  occur .  S e v e r a l  p o i n t s  are worth n o t i n g  
i n  connec t ion  w i t h  t h e  c a p t u r e  c o n d i t i o n s .  F i r s t ,  any b lock  i n  
r - 6  space may b e  chosen as a c a p t u r e  b l o c k .  Indeed ,  s e v e r a l ,  non- 
cont iguous b locks  may be s o  d e s i g n a t e d .  Secondly ,  a l t h o u g h  t h e  
c u r r e n t  implementa t ion  does no t  i n v o l v e  an  e x p l i c i t  c o n s t r a i n t  
on r e l a t i v e  heading  o r  speed o f  t h e  a i r c r a f t ,  such a c o n s t r a i n t  
i s  i m p l i c i t  i n  t h e  t ime-in-block s p e c i f i c a t i o n .  Moreover, i t  
would b e  r e l a t i v e l y  s imple  t o  modify t h e  program t o  d e f i n e  c a p t u r e  
b locks  i n  terms of more s t a t e - v a r i a b l e s .  F i n a l l y ,  i t  i s  a l s o  
p o s s i b l e  t o  d e s i g n a t e  b l o c k s  t h a t  a re  h i g h l y  f a v o r a b l e  t o  t h e  
evade r  ( i . e . ,  have a h i g h  c o s t  a s s o c i a t e d  w i t h  t h e m ) .  
see t h e r e  i s  c o n s i d e r a b l e  f l e x i b i l i t y  i n  t h i s  a s p e c t  o f  t h e  problem 
de f i n i t  i o n .  
T h u s ,  w e  
The computat ion of t h e  o p t i m a l  c o s t s  and s t ra teg ies  i s  a 
accomplished by  a modi f ied  v e r s i o n  of t h e  i t e r a t i v e  scheme used 
i n  Reference 1. S p e c i f i c a l l y ,  t h e  i t e r a t i v e  p rocedure  i s  d e f i n e d  
b y  
1 6  
Equa t ion  (5) i s  t h e  min-max v e r s i o n  o f  t h e  " a c c e l e r a t e d "  Gauss- 
S e i d e l  p rocedure  proposed  by Kushner and Kleinman ( R e f . 4 )  f o r  u se  
ence 4 s l i g h t l y  i n  t h a t  t h e  a c c e l e r a t i o n  parameter w i s  reduced  
a u t o m a t i c a l l y  i f  i t e r a t i o n  e r r o r s  i n c r e a s e .  The i n i t i a l  v a l u e  of 
w is an  i n p u t  t o  t h e  program. 
I i n  Markov c o n t r o l  problems.  We have a l te red  t h e  scheme o f  Refer- 
I 
I 
I Another f e a t u r e ,  desigfied t o  save computa t ion  t i m e ,  was added 
t o  t h e  i t e r a t i v e  p r o c e d u r e .  According t o  Eq.(5) a min max ope ra -  
t i o n  i s  performed a t  eve ry  i t e r a t i o n ;  t h i s  can  b e  q u i t e  w a s t e f u l  
i n  t h e  l a t t e r  stages o f  t h e  computat ion when t h e  c o s t s  V ( i )  are 
changing  ve ry  s l o w l y .  Thus,  we have mod i f i ed  t h e  p rocedure  o f  
Eq.(5), so  t h a t  a min max o p e r a t i o n  is n o t  performed a t  eve ry  
i t e r a t i o n  s t e p ,  when t h e  i t e r a t i o n  e r r o r  i s  below some p r e s p e c i f i e d  
( i n p u t )  t o l e r a n c e .  The number of i t e r a t i o n s  between min max oper -  
a t i o n s  i s  chosen  a u t o m a t i c a l l y ,  as a f u n c t i o n  of  i t e r a t i o n  e r r o r .  
T h i s  scheme of' n o t  o p t i m i z i n g  a t  every s tep i s  a m o d i f i c a t i o n  o f  
Howard's " i t e r a t i o n  i n  p o l i c y  space"  (Ref .5 1. 
MARKOV i n c l u d e d  one o t h e r  op t ion  d e s e r v i n g  mention.  It was 
p o s s i b l e  t o  r e v e r s e  t h e  min and max o p e r a t i o n s  of Eq.(5) by a n  
i n p u t  t r i g g e r .  Thus, one cou ld  compute e i t h e r  min-max o r  max-min 
c o s t s  and strategies.  
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TR A JE CTOR I E S 'I 
TRAJECTORIES a l l o w s  us  t o  " p l a y "  t h e  game u s i n g  t h e  o p t i m a l  
s t r a t eg ie s .  A se t  of i n i t i a l  c o n d i t i o n s  are i n p u t  t o  t h e  program, 
a l o n p  w i t h  t h e  s t a t e - s p a c e  geometry,  e q u a t i o n s  of motion,  c a p t u r e  
c o n d i t i o n s  and op t ima l  s t r a t e g i e s .  The propram de te rmines  t h e  
s t a t e - b l o c k  co r re spond inp  t o  t h e  i n i t i a l  c o n d i t i o n s ,  s e l e c t s  t h e  
p r o p e r  s t r a t ep ie s  and b e g i n s  i n t e g r a t i o n  o f  t h e  e q u a t i o n s  o f  motion.  
The i n t e g r a t o r  i n  TRAJECTORIES i s  a f o u r t h - o r d e r  Runge-Kutta scheme, 
inasmuch as b e t t e r  accu racy  t h a n  t h a t  used i n  t h e  p c a l c u l a t i o n  
i s  d e s i r a b l e  here .  After each  i n t e p r a t i o n  s t ep  t h e  s t a t e  v a r i a b l e s  
are checked t o  de t e rmine  t h e i r  l o c a t i o n  i n  t h e  d i s c r e t e  s t a t e - s p a c e ,  
s o  t h a t  t he  p r o p e r  s t r a t eg ie s  may be se lec ted .  The i n t e g r a t i o n  
con t inues  u n t i l  e i t h e r  c a p t u r e  occur s  o r  a p r e s p e c i f i e d  " f i n a l "  
t ime i s  r eached .  Thus,  TRAJECTORIES p e r m i t s  us  t o  g e n e r a t e  de- 
t e r m i n i s t i c  p a t h s  t h a t  r e s u l t  from p l a y i n g  o p t i m a l  s t r a t e g i e s  
t h a t  were ob ta ined  from p r o b a b i l i s t i c  c o n s i d e r a t i o n s .  
ij 
An i n t e r e s t i n g  and p o t e n t i a l l y  impor t an t  f e a t u r e  of t h e  
TRAJECTORIES program i s  t h e  i n c l u s i o n  o f  an  o p t i o n  t h a t  a l l o w s  
o v e r i d i n g  of t h e  o p t i m a l  s t r a t e g y  i n  any b l o c k ( s ) .  It i s  there-  
f o r e  p o s s i b l e  t o  examine t h e  e f f e c t s  of  p l a y i n g  nonopt imal ly  o r  
t o  e v a l u a t e  a g iven  s t r a t egy  a g a i n s t  a n  "op t ima l "  opponent .  
4. IUMERICAL I JVESTIGATIONS 
I n  Chapter 2 w e  no ted  t h a t ,  a f t e r  t h e  s t u d y  o f  Reference  1, 
there  were s e v e r a l  un reso lved  a n a l y t i c  q u e s t i o n s  conce rn ing  t h e  
Markov approach.  Because of  t h e  many h e u r i s t i c  aspects of t h i s  
approach ,  it i s  very  d i f f i c u l t  t o  i n v e s t i g a t e  these q u e s t i o n s  
t h e o r e t i c a l l y .  Consequent ly ,  we decided t o  s tudy  some of  them 
numer ica l ly  by  u s i n g  MAGPIE. Our b a s i c  c o n t e x t  was p rov ided  by 
t h e  Homocidal Chauffeur  and Two-Car problems s o l v e d  i n  Reference  
We p r e s e n t  some o f  t h e  r e s u l t s  o f  our i n v e s t i g a t i o n s  i n  t h i s  
chapter  . 
1. 
Homocidal Chauffeur  and Two-Car Problems 
For  ease ei' re ference ,  we d e s c r i b e  b r i e f l y  these two c l a s s i c a l  
problems,  f i r s t  posed by I s a a c s  (Reference 6 ) .  Two v e h i c l e s  move 
i n  a p l a n e  a t  c o n s t a n t  speed .  One v e h i c l e ,  t h e  a t t acke r ,  has a 
greater speed and t u r n  r a d i u s  t h a n  t h a t  of t h e  v e h i c l e  he i s  
c h a s i n p .  The game ends  when, and I f ,  t h e  d i s t a n c e  between t h e  two 
v e h i c l e s  becomes less t h a n  a g iven  c a p t u r e  r a d i u s  L. The a t tacker  
at tempts  t o  minimize t h e  time of c a p t u r e ;  t h e  evade r  attempts t o  
maximize i t .  
The  k i n e m a t i c  e q u a t i o n s  f o r  such an  e n c o u n t e r  may be w r i t t e n  
i n  a r o t a t i n g ,  a t t a c k e r - c e n t e r e d  coord ina te  s y s t e m  
;. = ve cos(S+$) - va cos  5 
'a 
Re Ra 
u -  J , = v - -  'e 
where: r and 6 are t h e  r ange  and azimuth o f  t h e  evad ing  v e h i c l e ;  
$ i s  t h e  a n g l e  between t h e  v e l o c i t y  v e c t o r s  o f  t h e  two v e h i c l e s ;  
Va(Ve)  and R a ( R e )  are t h e  speed and t u r n  r a d i u s ,  r e s p e c t i v e l y ,  o f  
t h e  a t t a c k e r  ( e v a d e r ) .  The p u r s u e r  and e v a d e r  each  s e l ec t s  h i s  
r a t e - o f - t u r n ,  by choos ing  l u l l 1  and I v l < l .  - T h i s  i s  t h e  game of 
Two-Cars. 
d i r e c t i o n s  fas ter  and fas te r .  
can  change d i r e c t i o n s  i n s t a n t a n e o u s l y  o r ,  what i s  t h e  same, can  
s e l e c t  $. T h i s  l i m i t i n g  case i s  c a l l e d  t h e  Homocidal Chauffeur  
problem. 
As Re becomes smaller and smaller, t h e  evade r  can chanpe 
I n  t h e  l i m i t  when R e = O ,  t h e  e v a d e r  
I n  Reference  1, d i s c r e t e  Markov game v e r s i o n s  of t h e  above 
problems were fo rmula t ed  and s o l v e d .  For  t h e  Homocidal Chauffeur  
Problem t h e  p lay ing-space  was d e f i n e d  as 
A u n i t  r a d i a l  d i s c r e t i z a t i o n  ( A r )  was chosen a l o n g  w i t h  a 20' d i s -  
c r e t i z a t i o n  of azimuth.  The c o n t r o l  c h o i c e s  f o r  t h e  a t t acke r  were 
u=+l,O; - t h e  evade r  cou ld  choose Q=45', 135', 225O, 315'. The 
parameter  v a l u e s  used i n  Reference 1, and i n  t h i s  s tudy ,  were: 
L=l.O, V =1.0, Ve=.7, Ra=l.5.  a 
The d i s c r e t e  v e r s i o n  of t h e  Two-Car problem had a p l ay inp -  
space  def ined  by  
Range was d i s c r e t i z e d  as i n  t h e  p r e v i o u s  c a s e  b u t  5 was d i s c r e t i z e d  
accord ing  t o  c l o c k  a n g l e s .  Thus,  there  were twelve  6-blocks 
s a t i s f y i n g :  30j-l5LSL30j+15, j=1,...,12. The + -coord ina te  was 
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d i s c r e t i z e d  i n t o  f o u r  b l o c k s  def ined  b y :  90 j -45<$<90 j+45,  - -  j=1,2,3,4. 
It was f e l t  t h a t  t h e  a n g u l a r  d i s c r e t i z a t i o n s  r e f l e c t e d  t h e  k i n d s  
of judgements  t h a t  human p i l o t s  m i p h t  make. The c o n t r o l  c h o i c e s  
a v a i l a b l e  t o  p u r s u e r  and e v a d e r  were, r e s p e c t i v e l y ,  u=+1,0 - and 
v=+l,O. - 
Ve=.8, R e = . 5 .  
The parameter v a l u e s  s e l e c t e d  were: L = l ,  V a = l . O ,  R a = l . 5 ,  
I 
E f f e c t s  o f  State-Space D i s c r e t i z a t i o n  
The manner i n  which t h e  s t a t e - s p a c e  is d i s c r e t i z e d  i s  a unique  
and c r u c i a l  f e a t u r e  of  o u r  approach. Thus,  i t  i s  i m p o r t a n t  t o  
u n d e r s t a n d  t h e  e f f e c t s  o f  changes In  t h i s  d i s c r e t i z a t i o n .  The 
g rea t ly  f a c i l i t a t e d  t h e  i n v e s t i e a t l o n  of  these e f f e c t s .  
, 
l ease w i t h  which s t a t e - s p a c e  geometry may be  changed i n  MAGPIE 
I O f  s p e c i a l  i n t e r e s t  from a t h e o r e t l c  s t a n d p o i n t  I s  t h e  r e l a -  
t i o n  o f  t h e  d i s c r e t e  Fame t o  a co r re spond ing  d i f f e r e n t i a l  game, as 
a f u n c t i o n  o f  d i s c r e t i z a t i o n .  For  t h e  Homocidai Chauf feu r  problem,  
pe rhaps  t h e  most s i g n i f i c a n t  a s p e c t  o f  t h i s  r e l a t i o n  i s  concerned  
w i t h  t h e  " s o - c a l l e d "  barr ier .  This  cu rve  i n  r-E s p a c e  i s  o f  funda- 
men ta l  impor t ance  i n  t h e  s o l u t i o n  o f  t h e  d i f f e r e n t i a l  game; it 
separates r e g i o n s  o f  d i f f e r e n t  p u r s u i t  s t r a t e g y  and t h e  min-max 
l 
I t ime- to -cap tu re  is d i s c o n t i n u o u s  a c r o s s  i t .  I n  Refe rence  1, It 
I was found t h a t  t h e  c o r r e s p o n d i n g  d i s c r e t e  problem a l s o  had a 
s t ra tegy-barr ier .  However, t h i s  b a r r i e r  was l o c a t e d  "wi th in"  t h e  
con t inuous  bar r ie r ,  r e f l e c t i n g  a more " c o n s e r v a t i v e "  p u r s u i t  
s t r a t e g y .  To see how t h e  s t r a t e g y - b a r r i e r  behaves  w i t h  d i s c r e t i -  
z a t i o n ,  w e  used  MAGPIE t o  compute s o l u t i o n s  t o  t h e  d i s c r e t e  v e r s i o n  
f o r  t h e  f o l l o w i n g :  
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a. Base D i s c r e t i z a t i o n * :  A r  = 1; A E  = zoo  
b .  Half-Base D i s c r e t i z a t i o n :  A r  = 1/2; A 5  = 1 0 0  
C .  F i n e - D i s c r e t i z a t i o n :  A r  = 1/4; A t  = 5" 
3Oj-l5<5<30j+15,  j=O,l,. . . ,6 - -  
Figure  3 shows t h e  r e s u l t s  i n  terms o f  t h e  s t ra tegy-bar r ie r  f o r  
cases a ,  b and d .  The r e s u l t  f o r  t h e  f i n e - d i s c r e t i z a t i o n  i s  shown 
i n  F i g ,  4 .  The i r r e g u l a r i t i e s  i n  t h e  b a r r i e r  f o r  t h e  f i n e - d i s c r e -  
t i z a t i o n  are probably  a r e s u l t  o f  t h e  f a c t  t h a t  t h e  i t e r a t i v e  
" s o l u t i o n "  had not  f u l l y  converged i n  t h i s  case.  It i s  c l e a r  from 
F i p s .  3-4 t h a t  t h e  d i s c r e t e  b a r r i e r  approaches  t h e  con t inuous  
bar r ie r  a s  t h e  d i s c r e t i z a t i o n  becomes f i n e r .  
I n  F i g .  5 t h e  o p t i m a l  c o s t s  f o r  2 < r < 3  - -  are p l o t t e d  as a func-  
t i o n  o f  azimuth a n g l e  f o r  c a s e s  a-c above.  The c o s t s  change most 
r a p i d l y  i n  t h e  2 O o < 5 < 4 O 0  - -  r e g i o n ;  t h a t  i s  p r e c i s e l y  t h e  area t h a t  
t h e  b a r r i e r  passes throuph (See F i g . 4 ) .  Thus,  t h e  Markov game 
s o l u t i o n  i s  approximat ing  t h e  c o s t - d i s c o n t i n u i t y  o f  t h e  d i f f e r e n -  
t i a l  Fame and,  as might  b e  expec ted ,  t h e  approximat ion  cets b e t t e r  
as t h e  d i s c r e t i z a t i o n  becomes f i n e r .  
Changes i n  d i s c r e t i z a t i o n  l e v e l  r e f l e c t  chanpes i n  i n f o r m a t i o n  
q u a l i t y  i n  t h e  Markov f o r m u l a t i o n ,  I n  t h e  Homocidal Chauffeur ,  
t h e  resu l t s  o f  F i g .  5 i n d i c a t e  t h a t ,  f o r  t h e  r e g i o n  c o n s i d e r e d ,  
t h e  expected t ime- to-capture  ( i . e . ,  t h e  c o s t )  i n c r e a s e s  as t h e  
d i s c r e t i z a t i o n  becomes c o a r s e r .  T h i s  c o s t  i n c r e a s e  was found t o  
hold  f o r  t h e  e n t i r e  s t a t e - s p a c e .  Hence, i n  t h e  Homocidal Chauf feu r ,  
+- 
T h a t  i s ,  t h e  d i s c r e t i z a t i o n  o f  Ref. 1. 
2 2  
20° 40° 5 
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t h e  a t t a c k e r  appears t o  b e  p e n a l i z e d  more f o r  poor  i n f o r m a t i o n .  
The e f f e c t  of depraded i n f o r m a t i o n  i s  d i f f e r e n t  i n  t h e  Two- 
Car problem. A s o l u t i o n  was computed f o r  t h i s  problem w i t h  re la -  
t i v e  heading,$,  d i s c r e t i z e d  i n t o  a s i n g l e  360O-block. Such a 
d i s c r e t i z a t i o n  i m p l i e s  t h a t  n e i t h e r  p l a y e r  has any i n f o r m a t i o n  
concerning JI. The t r a n s i t i o n  p r o b a b i l i t i e s ,  and hence t h e  o p t i m a l  
s t r a t e p i e s ,  are  t h e n  computed w i t h  t h e  @ - v a r i a t i o n  " a v e r a p d  ou t " .  
F o r  t h i s  s i t u a t i o n ,  w e  found t h a t  t imes - to -cap tu re  were s i g n i f i -  
c a n t l y  l e s s  t h a n  t h o s e  f o r  t h e  Two-Car problem w i t h  @ d i s c r e t i z e d  
i n t o  fou r  b l o c k s .  Hence, i n  t h i s  problem, i t  i s  t h e  e v a d e r  t h a t  
i s  pena l i zed  post by t h e  i m p e r f e c t  i n f o r m a t i o n .  T h i s  i s  e a s i l y  
understood when one n o t e s  t h e  r e l a t i v e  s i m p l i c i t y  of  t h e  a t t a c k e r ' s  
s t ra tegy;  w i t h  f e w  e x c e p t i o n s ,  t h e  o p t i m a l  s t r a t egy  f o r  t h e  a t t a c k e r  
i s  t o  tu rn  r i g h t  when t h e  evade r  i s  t o  t h e  r i g h t ,  repardless o f  t h e  
va lue  of $. Thus, t h e  l o s s  of  $- informat ion  i s  r e l a t i v e l y  incon-  
s e q u e n t i a l  f o r  t h e  a t tacker .  On t h e  o the r  hand,  t h e  e v a d e r ' s  
s t ra tegy  is  a u i t e  dependent on $ and,  t h e r e f o r e ,  he can use  b e t t e r  
$- information t o  h i s  advantape .  
# 
Min-Max and Max-Min 
An impor tan t  q u e s t i o n  conce rn inp  o u r  approach i s :  "Does t h e  
Markov game have a " sadd le -po in t "  s o l u t i o n ? "  T h i s  i s  a d i f f i c u l t  
q u e s t i o n  t o  answer a n a l y t i c a l l y ,  g i v e n  t h e  n a t u r e  of  o u r  d i s c r e t i -  
z a t i o n  and t h e  l a c k  o f  a n a l y t i c  e x p r e s s i o n s  f o r  t h e  p Is. There- 
f o r e ,  we dec ided  t o  e x p l o r e  t h e  q u e s t i o n  numer i ca l ly  i n  t h e  Homo- 
c i d a l  Chauffeur and Two-Car problems.  The o p t i o n  i n  MAGPIE of  
computing Min-Max and Max-Min was most h e l p f u l  here because  w e  
t e s t  f o r  a sadd le -po in t  by comparing Min-Max and Max-Min s o l u t i o n s  
( b y  d e f i n i t i o n ,  t h e y  are e q u a l  a t  a s a d d l e - p o i n t ) .  We examine 
P 
i j  
T h i s  does no t  r educe  t h e  problem t o  t h e  Homocidal Chauffeur  be- 
cause  t h e  e v a d e r l s  t u r n i n g  ra te  i s  s t i l l  l i m i t e d ;  i t  i s  assumed 
tha t  bo th  p l a y e r s  are aware o f  t h i s  f a c t .  
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d i f f e r e n c e s  i n  c o s t s  and s t r a t eg ie s  between Min-Max and Max-Min 
s o l u t i o n s .  I n  comparing c o s t s ,  w e  need on ly  look  a t  t h e  f i r s t ,  
non-capture  range-block,  dead ahead  o f  t h e  a t t a c k e r ,  ( i . e . ,  a t  
{ r ( 2 ) , C ( l ) I ) .  T h i s  b l o c k  e x h i b i t s  t h e  greatest  p e r c e n t a g e  d i f -  
f e r e n c e  i n  c o s t ;  a l s o ,  inasmuch as most t r a j e c t o r i e s  e v e n t u a l l y  
pass t h r o u g h  t h e  b l o c k ,  d i f f e r e n c e s  I n  c o s t  i n  t h i s  b l o c k  are 
p ropaga ted  t o  t h e  r ema in ing  b l o c k s .  
F o r  t h e  Homocidal Chauffeur  wi th  t h e  " r e g u l a r  d i s c r e t i z a t i o n "  
(a . ,  a b o v e ) ,  we found 
I 
Min Max V ( r ( 2 ) , S ( l ) )  = 1 . 4  Max Min V ( r ( 2 ) , C ( 1 ) )  
u v  v u  
1 The actual d i f f e r e n c e  i n  e x p e c t e d  t ime- to-capture  was on ly  .6 
second ,  b u t  t h e  p e r c e n t a g e  change was s i g n i f i c a n t .  For  t h i s  c a s e  
seven  o u t  o f  e i g h t y  s t a t e - b l o c k s ,  i .e . ,  i n  less  t h a n  10% o f  t h e  
b l o c k s .  O f  t h e  seven  b l o c k s ,  f o u r  had d i f f e r e n c e s  i n  e v a d e r  con- 
t r o l ,  two i n  a t t a c k e r  c o n t r o l ,  and one i n  b o t h  c o n t r o l s .  An in -  
t e r e s t i n g ,  b u t  n o t  s u r p r i s i n g  r e s u l t ,  was t h a t  a l l  d i f f e r e n c e s  
were i n  b l o c k s  t h a t  were a d j a c e n t  t o  e i t h e r  t h e  barr ier  o r  t h e  
c a p t u r e  c i r c l e ,  It i s  a l s o  noteworthy t h a t  i t  was t h e  e v a d e r ' s  
c o n t r o l  t h a t  was d i f f e r e n t  n e a r  t h e  ba r r i e r ;  i n  t h e  Min-Max c a s e  
he d i r e c t e d  h i s  v e l o c i t y  v e c t o r  toward t h e  b a r r i e r ,  whereas  i n  
t h e  Max-Min c a s e  he  chose t h e  o p p o s i t e  d i r e c t i o n .  
I 
I there  were d i f f e r e n c e s  i n  e i t h e r  attacker o r  e v a d e r  c o n t r o l  i: m l y  
I 
Min-Max and Max-Min s o l u t i o n s  were a l so  computed f o r  t h e  
H a l f - d i s c r e t i z a t i o n  v e r s i o n  of  t h e  Homocidal Chauf feu r  ( b . ,  above ) .  
I n  t h i s  case, 
Min Max V ( r ( 2 ) , 6 ( 1 ) )  = 1.18 Max Min V ( r ( 2 ) , 6 ( 1 ) ) ,  
u v  v u  
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which corresponded t o  an a c t u a l  d i f f e r e n c e  o f  .13 sec.  The Max- 
Min s t r a t e g i e s  d i f f e red  from t h e  Min-Max s t ra tep ies  i n  on ly  e l e v e n  
o u t  of  t h e  324  b locks  ( less  t h a n  4 % ) .  Again,  i t  was p r i m a r i l y  
t h e  e v a d e r ' s  c o n t r o l  t h a t  d i f f e r e d  and t h e  d i f f e r e n c e s  o c c u r r e d  
n e a r  t h e  b a r r i e r  o r  t h e  c a p t u r e  c i r c l e .  These r e s u l t s  i n d i c a t e  
t h a t  as t h e  d i s c r e t i z a t i o n  becomes f i n e r  t h e  s o l u t i o n  i s  approach-  
i n g  a saddle-poin t .  Inasmuch as t h e  Homocidal Chauffeur  d i f f e r e n -  
t i a l  game i s  known t o  have a s a d d l e - p o i n t ,  t h i s  i s  f u r t h e r  ev idence  
t h a t  t h e  s o l u t i o n  of  t h e  d i s c r e t e  Markov game approaches  t h a t  o f  
i t s  cor respondinp  d i f f e r e n t i a l  game as t h e  mesh gets f i n e r .  
The r e s u l t s  f o r  t h e  Two-Car problem are  even more encourap ing  
w i t h  respect  t o  a sadd le -po in t  s o l u t i o n .  For  t h i s  problem, d i s -  
c r e t i z e d  as  d e s c r i b e d  e a r l i e r ,  t h e  c o s t s  were v i r t u a l l y  i d e n t i c a l  
f o r  t h e  Min-Nax and Max-Min s o l u t i o n s .  The  s t r a t ep ie s  d i f f e r e d  
i n  only  seven o u t  of  252 b l o c k s ,  i n  s p i t e  o f  t h e  f a c t  t h a t  t h e  
d i s c r e t i z a t i o n  i s  r e l a t i v e l y  "crude"  (e.e;. , c r u d e r  t h a n  t h e  repu-  
l a r - d i s c r e t i z a t i o n  of t h e  Homocidal C h a u f f e u r ) .  It seems t h a t  
Min-Max and Max-Nin s o l u t i o n s  w i l l  converpe more r a p i d l y  f o r  t h e  
Two-Car p r o b l e m  t h a n  f o r  t h e  IIomocidal Chauffeur .  The l i k e l y  
r e a s o n  f o r  t h i s  i s  t h a t  t h e  Two-Car problem i s  "smoother" ,  because  
t h e  evader  cannot  change d i r e c t i o n  i n s t a n t a n e o u s l y .  One would 
expec t  s imilar  "smooth" behav io r  i n  r e a l i s t i c  a e r i a l  conbat  prob-  
lems. 
* 
T r a j e c t o r i e s  
Op t ima l  t r a j e c t o r i e s  f o r  t h e  Homocidal Chauffeur  and Two-Car 
problems were gene ra t ed  t o  pa in  i n s i p h t  i n t o  t h e  approach;  here ,  
w e  p re sen t  an i l l u s t r a t i v e  t r a j e c t o r y  from each  example. 
- -- t 
We don ' t  know where t h e  s i n p u l a r  s u r f a c e s  of  t h e  Two-Car problem 
are  but  it should  be mentioned t h a t  t h e  d i f f e r e n c e s  i n  c o n t r o l  
cho ices  a l l  occu r  i n  r e g i o n s  where t h e  c h o i c e s  are  chanping .  
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F i g u r e  6 shows a t r a j e c t o r y  i n  t h e  r -5  p l a n e  f o r  t he  Homocidal 
Chauffeur  problem t h a t  s ta r t s  w i t h  t h e  e v a d e r  i n  a p o s i t i o n  below 
t h e  ba r r i e r .  The  i n i t i a l  p a r t  of  t h e  t r a j e c t o r y  i s  ana logous  t o  
what would b e  o b t a i n e d  i n  t h e  cont inuous  problem. The a t t a c k e r  
f i r s t  t u r n s  away from t h e  evade r  ( a  swerve)  and t h e n  dashes when 
t h e  tareet  i s  "behind"  him. Durinp t h i s  t i m e  t h e  evade r  i s  
"chas ing"  t h e  a t t a c k e r .  When t h e  s e p a r a t i o n  i s  g r e a t  enough ( t h e  
t r a j e c t o r y  i s  below t h e  d i s c r e t e  b a r r i e r ,  See F i g .  4 ) ,  t h e  a t t a c k e r  
s t a r t s  t u r n i n g  i n t o  t h e  e v a d e r ,  b r i n g i n g  h im t o  a p o s i t i o n  a lmos t  
i n  f r o n t  (5=20°) a t  a d i s t a n c e  o f  about r = 8 . 5 .  A t  t h i s  p o i n t ,  t h e  
d i s c r e t e  n a t u r e  of  t h e  problem becomes e v i d e n t .  We s e e  a " c h a t t e r -  
i n g "  o f  t h e  t r a j e c t o r y  between s t a t e - b l o c k s  t h a t  have d i f f e r e n t  
a t t a c k e r  s t r a t eg ie s .  During t h i s  " c h a t t e r "  t h e  e v a d e r  i s  a t t e m p t -  
i n g  t o  " f l e e "  a l o n g  a 45' d i r e c t i o n ,  w h i l e  t h e  a t t a c k e r  a l t e r n a t e s  
between a t u r n  and a dzsh.  When the  range decreases tc! r C 4 ,  t he  
a t t a c k e r ' s  s t r a t e g y  i s  t o  t u r n  toward t h e  e v a d e r ,  even when 5<20°. 
Thus ,  t h e  t a rge t  i s  brought  dead-ahead (5=Oo). Another " c h a t t e r -  
t r a j e c t o r y " ,  i n v o l v i n g  a l t e r n a t i n g  r i g h t  and l e f t  t u r n s  f o r  t h e  
a t t a c k e r ,  b r i n g s  t h e  t a rge t  t o  t h e  c a p t u r e  c i r c l e .  
The e x i s t e n c e  of  t h e  c h a t t e r  s o l u t i o n  i s  n o t  s u r p r i s i n g ,  
I a f t e r  t h e  f a c t .  It can probably  be removed b y  assuming t h a t  t h e  
I t r a n s i t i o n  between s ta tes  i s  n o t  pe rce ived  p e r f e c t l y .  For  example ,  
i f  some d e t e c t i o n  t h r e s h o l d  had t o  b e  exceeded b e f o r e  a t r a n s i t i o n  
was p e r c e i v e d  t h e  c h a t t e r i n g  miFht d i s a p p e a r .  T h i s  i s  wor th  i n -  
I v e s t i g a t i n g ,  even though t h e  c h a t t e r  e f f e c t  i s  probably  n o t  t o o  
I i m p o r t a n t  from a p r a c t i c a l  v iewpoin t .  
I A Two-Car t r a j e c t o r y  i s  shown i n  F i g .  7 .  The evade r  s t a r t s  
l 
o u t  t o  t h e  r i g h t  ( 5 = 9 0 ° ) ,  j u s t  o u t s i d e  t h e  a t t a c k e r ' s  t u r n - r a d i u s  
( r e 3 . 4 1 ,  and headed toward t h e  a t t a c k e r  ( J 1 = 2 7 0 ° ) .  T h i s  p o s i t i o n  
i s  ve ry  f a v o r a b l e  t o  the  e v a d e r ;  i t  seems he will remain a t  large 1 
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i n d e f i n i t e l y .  A c t u a l l y ,  t h e  computation was s topped  a f t e r  t = 3 5  
seconds (compared t o  an  expec ted  t ime- to-capture  o f  abou t  11 sec -  
onds ) .  By t h i s  t i m e ,  i t  appeared t h a t  t h e  t r a j e c t o r y  was l i m i t e d  
t o  a c l o s e d  p o r t i o n  of  t h e  space  and t h a t  t h e  p r o b a b i l i t y  of  cap- 
t u r e  was v i r t u a l l y  ze ro .  How could t h i s  happen, when t h e  c o s t  
remained f i n i t e ?  
A p o s s i b l e  e x p l a n a t i o n  f o r  t h i s  b e h a v i o r  i s  i l l u s t r a t e d  i n  
F ig .  8 .  An i n i t i a l  p o i n t  i n  t h e  shaded r e e i o n  may y i e l d  a c l o s e d  
t r a j e c t o r y  i n  S5, S 6 ,  S7, S 8  as  shown, f o r  a g iven  c o n t r o l  p a i r ,  
s a y  ( u , v ) ,  However, p o i n t s  i n  the non-shaded r e g i o n s  of  these 
- -  
F I G .  8 A C L O S E D  T R A J E C T O R Y  I N  DISCRETE S T A T E  S P A C E  
s t a t e - b l o c k s  may b e  d r i v e n  t o  d i f f e r e n t  b l o c k s ,  f o r  t h e  same con- 
t r o l  c h o i c e s .  
s t a t e s  l i n k  t o  t h e  c a p t u r e  b lock ,  there  w i l l  b e  a f i n i t e  proba-  
b i l i t y  of c a p t u r e  when u ,v  i s  played i n  S5 ( O r  s 6 ,  e t C . 1  and t h e  
c o s t  w i l l  remain f i n i t e .  Thus,  i f  t r a j e c t o r i e s  behaved i n  t h e  way 
t h e  p ' s  are c a l c u l a t e d  t h e  "closed" t r a j e c t o r y  would n o t  o c c u r  
Thus, e . p . ,  p5* (,ii,7)#0 o r  P63(ii,'G)#O. I f  t h e  o t h e r  
- -  
* 
i j  
P-- 
T h a t  i s ,  once a t r a j e c t o r y  e n t e r e d  a b lock ,  i t ' s  p o s i t i o n  w i t h i n  
t h e  b l o c k  would be s e l e c t e d  randomly. 
32 
and t h e  e v a d e r  would be c a p t u r e d  e v e n t u a l l y .  But r ea l  t r a j e c t o r i e s  
do n o t  a c t  t h a t  way. 
The above phenomenon i s  undoubtedly t h e  consequence o f  s o l v -  
i n g ,  i n  an  "average"  s e n s e ,  a game i n v o l v i n g  poor  i n f o r m a t i o n .  
It might even be a rgued  t h a t  t h e r e  i s  a r e a s o n a b l e  chance t h a t  
such  a " c l o s e d  loop"  would occur  i n  some combat s i t u a t i o n s .  How- 
e v e r ,  i n  a r e a l i s t i c  s i t u a t i o n ,  one of t h e  p l a y e r s  would undoubt- 
e d l y  "break  t h e  c h a i n "  a f t e r  a time. T h i s  d o e s n ' t  happen here 
because  w e  have s o l v e d  t h e  steady-state game. 
Befo re  l e a v i n g  t h i s  d i s c u s s i o n ,  we n o t e  t h a t  o t h e r  Two-Car 
t r a j e c t o r i e s  d i d  r e s u l t  i n  c a p t u r e .  Indeed ,  f o r  t h e  same r,e 
i n i t i a l  c o n d i t i o n s ,  t r a j e c t o r i e s  were computed s t a r t i n g  a t  $=O0 
and + = g o o ;  i n  b o t h  c a s e s ,  t h e  evade r  was c a p t u r e d  i n  less  t h a n  
1 2  seconds .  
Computat ional  P rocedures  
The s p e c i a l  computa t iona l  f e a t u r e s  i n c l u d e d  i n  MAGPIE were 
t e s t e d  i n  t h e  Homocidal Chauffeur  and Two-Car problems.  I n  par- 
t i c u l a r ,  we i n v e s t i g a t e d  t h e  " r e g u l a r i z a t i o n "  o f  t h e  i n t e g r a t o r  
t i m e - s t e p  and t h e  t r e a t m e n t  of  "corner"  t r a n s i t i o n s .  S o l u t i o n s  
were computed f o r  v a r i o u s  f i x e d -  and " r e g u l a r i z e d " - t i m e  s teps  
and were compared w i t h  t h o s e  o f  Reference 1. The s o l u t i o n s  i n  
Refe rence  1 were o b t a i n e d  w i t h  the  p ' s  c a l c u l a t e d  from a n a l y t i c  
i n t e g r a l s  o f  t h e  e q u a t i o n s  o f  motion, e v a l u a t e d  a t  d i s c r e t e  times; 
i n  a d d i t i o n ,  c o r n e r  t r a n s i t i o n s  were a l lowed  i n  Reference  1. No 
s i g n i f i c a n t  d i f f e r e n c e s  between s o l u t i o n s  were obse rved  f o r  A t ' s  
I n  t h e  r a n g e  o f  .01  t o  .l, o r  when t h e  number o f  steps t o  l e a v e  
t h e  b l o c k  was 5 t o  10 .  
ij 
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We a l s o  experimented w i t h  t h e  a c c e l e r a t i o n  f e a t u r e  o f  t h e  
i t e r a t o r  and w i t h  t h e  t echn ique  of n o t  pe r fo rming  a min-max eve ry  
s t e p .  These  t e c h n i q u e s  worked very w e l l  i n  t h e  Two-Car problem 
and i n  t h e  Homocidal Chauffeur  p r o b l e m  w i t h  t h e  Reeular -  and Half- 
D i s c r e t i z a t i o n s ,  i . e . ,  when t h e  number of s ta te-blocks,  N ,  was 
r e l a t i v e l y  small. They were n o t  s u c c e s s f u l  f o r  t h e  F ine -Disc re t -  
i z a t i o n  v e r s i o n  o f  t h e  Homocidal Chauffeur o r  f o r  t h e  p l a n a r  com- 
ba t  problem d e s c r i b e d  i n  t h e  nex t  c h a p t e r ,  two problems i n v o l v i n p  
large N .  Thus, t h e  u t i l i t y  o f  t h e  t e c h n i q u e s  seemed t o  depend on 
N .  F u r t h e r  s tudy  i s  r e q u i r e d  t o  unders tand  and p o s s i b l y  a l t e r  
t h i s  b e h a v i o r .  
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5. THE VARIABLE-SPEED PLANAR COMBAT PROBLEM 
I n  t h i s  c h a p t e r  we d i s c u s s  t h e  a p p l i c a t i o n  of t h e  Markov 
game approach t o  a r easonab ly  complex ae r i a l  combat problem. 
T h i s  problem, i n v o l v i n g  p u r s u i t  and e v a s i o n  a t  c o n s t a n t  a l t i t u d e ,  
p r o v i d e s  a good t e s t  of t h e  f e a s i b i l i t y  of  t h e  Markov game approach 
and i s  a l s o  of  i n t r i n s i c  i n t e r e s t .  Here, w e  descr ibe  t h e  problem 
and i t s  f o r m u l a t i o n  as a d i s c r e t e  Markov game, and p r e s e n t  and 
d i s c u s s  b r i e f l y  some t y p i c a l  and i n t e r e s t i n g  "opt imal"  s o l u t i o n s .  
Equa t ions  of Motion 
We, c o n s i d e r  an  engagement i n  which t h e  t r a j e c t o r i e s  o f  
bo th  a i rc raf t  remain i n  t h e  same h o r i z o n t a l  p l a n e .  Each a i r c r a f t  
can  c o n t r o l  i t s  l i n e a r  a c c e l e r a t i o n  by t h e  a p p l i c a t i o n  o r  removal 
o f  t h r u s t ;  i t s  ra te  of t u r n  a t  a given speed i s  c o n t r o l l e d  by  t h e  
c h o i c e  o f  aerodynamic load  f a c t o r .  T h r u s t ,  l o a d  f a c t o r  and ae ro -  
dynamic drag are each  n o n l i n e a r  func t ions  of Mach No. It i s  i n -  
t e r e s t i n g  t o  n o t e  t h a t  bo th  t h e  Homocidal Chauffeur  and Two-Car 
problems are h i g h l y  i d e a l i z e d  v e r s i o n s  of  t h i s  v a r i a b l e  speed 
p l a n a r  comb a t  problem. 
* 
The e q u a t i o n s  of  motion f o r  such a n  enpagement,  i n  a n  a t t a c k e r  
c e n t e r e d  c o o r d i n a t e  s y s t e m  tha t  r o t a t e s  t o  m a i n t a i n  t h e  x-axis  
a l i g n e d  w i t h  t h e  a t t a c k e r ' s  v e l o c i t y  v e c t o r  
b e  w r i t t e n  as 
** 
( see  F i g u r e  9 ) ,  may 
* 
Bas ic  e q u a t i o n s  and data f o r  t h i s  problem were p rov ided  by  Mar t in  
Moul and David Rober t s  of Nat iona l  Aeronaut ics  and Space Admini- 
s t r a t i o n ,  Langley Research Cen te r .  
** 
A "reduced space"  i n  I s a a c s '  terminolopy . 
35 
FIG. 9 C O O R D I N A T E  S Y S T E M  F O R  V A R I A B L E - S P E E D  P L A N A R  C O M B A T  P R O B L E M  
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= as[Me COS ( $ - E >  - Ma cos  E ]  
T 
'DC2 
'e - -  emax 'es, 
'e -;[..---  as e we cD O e  qese Le 
where t h e  s ta te  and c m t r o l  v a r t s h l e c  c e  
r : e v a d e r ' s  r ange ,  f t .  
5 : e v a d e r ' s  azimuth,  rad 
JI : e v a d e r  head ing  ( ang le  between v e l o c i t y  v e c t o r  
Ma 
Me 
ul: a t tacker ' s  t u r n i n g  c o n t r o l ,  -1 5 u1 f 1 
u2:  a t tacker ' s  t h r u s t  c o n t r o l ,  0 - < u2 5 1 
o f  e v a d e r  and v e l o c i t y  v e c t o r  of p u r s u e r ) ,  rad 
: Mach No. o f  a t t a c k e r  
: Mach No. of e v a d e r  
vl: e v a d e r ' s  t u r n i n g  c o n t r o l ,  
v2: e v a d e r ' s  t h r u s t  control, 
-1 - < v1 5 1 
0 < V 2 ( 1  - 
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I 
and t h e  remain ing  symbols a re  s t anda rd  nomencla ture  (see L i s t  o f  
S y m b o l s ) ,  w i t h  t h e  s u b s c r i p t s  (a) and ( e )  r e f e r r i n g  t o  a t t a c k e r  
and e v a d e r ,  r e s p e c t i v e l y .  The  a t t a c k e r  and e v a d e r  a i r c r a f t  are 
assumed t o  have t h e  same basic  c h a r a c t e r i s t i c s .  The weight and 
and t h r u s t  data ,  as a f u n c t i o n  of Mach No., are g i v e n  i n  Table  1. 
(The  t h r u s t  data i s  f o r  a n  a l t i t u d e  of 15 ,000  f t . )  These data  are 
r e a s o n a b l e  f o r  a hiph-performance f i g h t e r  a i r c r a f t .  To a l l o w  f o r  
d i f f e r e n c e s  i n  a t t a c k e r  and evade r  performance,  we l e t  
wing-area are 35 ,000  l b s  and 640 f t  2 , r e s p e c t i v e l y .  Aerodynamic 
I 
T = E  T 
emax amax 




cD = E 3  C D  
O e  'a 
The E i ' s  were c o n s t a n t s ,  f ree  t o  be se lec ted  a t  computer run-t ime.  
Fo r  t h e  example d i s c u s s e d  here,  ~ ~ = . 7 ,  E ~ = E ~ = E ~ = ~ . O ;  t h u s ,  t h e  on ly  
d i f f e r e n c e  between t h e  two a i r c r a f t  was t h a t  t h e  e v a d e r ' s  maximum 
t h r u s t  was 70% t h a t  o f  t h e  a t t a c k e r ' s ,  a t  a l l  speeds. 
The maximum normal a c c e l e r a t i o n  f o r  each  a i r c r a f t  was as- 
sumed t o  be 6g. However, because  of a c o n s t r a i n t  on t h e  maximum 
l i f t ,  f l i g h t  c o n d i t i o n s  occur  f o r  which i t  is no t  p o s s i b l e  f o r  
t h e  a i r c ra f t  t o  p u l l  6 g ' s ;  f o r  those  c o n d i t i o n s ,  t h e  maximum nor-  
mal a c c e l e r a t i o n  i s  reduced acco rd ing ly .  It i s  worth not ine,  t h a t  
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on ly  t h e  component o f  normal a c c e l e r a t i o n  t h a t  i s  i n  t h e  h o r i z o n t a l  
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The Markov Game 
We d e f i n e  t h e  f i n i t e ,  o r  "compact i f fed",  "p lay ing"-space  f o r  
t h i s  problem by  
The l i m i t s  on r ,  Ma and M e ,  s e r v e  t o  bound t h e  r e g i o n  o f  t h e  s t a t e -  
s p a c e  t h a t  is o f  i n t e r e s t  h e r e ;  t h e s e  b o u n d a r i e s  were implemented 
a s ' l r e f l e c t i n g  b a r r i e r s " ( S e e  Ref. 1). 
# 
. 
The lower l i m i t  on r a n e e  was i n t r o d u c e d  t o  a v o i d  t h e  s i n g u l a r i t y  
a t  t h e  o r i g i n  of t h e  p o l a r  c o o r d i n a t e  s y s t e m .  
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The s t a t e  space  was d i s c r e t i z e d  i n  t h e  manner i n d i c a t e d  i n  
T a b l e  2. Range was d i s c r e t i z e d  i n  n o n l i n e a r  f a s h i o n  t o  r e f l e c t  
TABLE 2 
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t h e  f a c t  t h a t  r e s o l v i n a  range  a c c u r a t e l y  becomes more d i f f i c u l t  
and l e s s  impor t an t  as ranpe  i n c r e a s e s .  The  d i s c r e t i z a t i o n  of  t h e  
azimuth and r e l a t j v e - h e a d i n q  anFles  was i d e n t i c a l  t o  t h a t  used i n  
t h e  Homocidal C h a u f f e u r  and Two-Car p r o b l e m  and was based on t h e  
same r a t i o n a l e  employed there .  ( F i g u r e  1 0  i l l u s t r a t e s  t h e  d i s c r e -  
t i z a t i o n  o f  t h e  r e l a t i v e  p o s i t i o n  ( r , S )  and shows t h e  a t t a c k e r ' s  
maximum t u r n i n c  c a p a b i l i t y  a t  va r ious  s p e e d s . )  The Mach-s t a t e sy  
Via and PIey  were d i s c r e t i z e d  l i n e a r l y  i n t o  b l o c k s  of .25-Mach No.; 
t hese  Mach No. d i s c r e t l z a t i o n s  seemed r e a s o n a b l e ,  though t h e y  were 
chosen somewhat a r b i t r a r i l y  . 
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1 5  
F I G .  10 G E O M E T R Y  O F  R E L A T I V E  P O S I T I O N  D I S C R E T I Z A T I O N  
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The t o t a l  number of  s t a t e  b l o c k s  f o r  t h e  problem i s  4800.  
However, s y m m e t r y  w i t h  r e s p e c t  t o  azimuth and r e l a t i v e  heading  
can be employed s o  t h a t  f o r  computat ion pu rposes  we have ,  ef-  
f e c t i v e l y  , N=2800. 
I n  t h e  cont inuous  f o r m u l a t i o n  of t h e  problem each  a i r c r a f t  
could  choose any f r a c t i o n  of  maximum load  f a c t o r  ( p l u s  o r  minus) 
a n d  of  maximun t h r u s t .  F o r  t h e  d i s c r e t e  f o r m u l a t i o n ,  w e  a l lowed 
t h e  fo l lowinP c h o i c e s :  
u l , v l  = -1,0,+1 
U 2 , V 2  = 0 , l  
Thus, each a i r c r a f t  could  make a max p t u r n  i n  e i t h e r  d i r e c t i o n  
o r  a dash, w h i l e  employinp. maximum- o r  z e r o - t h r u s t .  T h i s  meant 
t h a t  t h e r e  were s i x  p o s s i b l e  maneuvers f o r  each  p l a y e r .  
Capture was d e f i n e d  by t h e  c o n d i t i o n  { 1 0 0 1 ~ r ~ 1 5 0 0 ’ , - 1 5 0 ~ ~ ~ 1 5 0 ~ .  - -  - -  
T h i s  cap tu re  c o n d i t i o n  was somewhat u n r e a l i s t i c  i n s o f a r  as no re- 
q u i r e m e n t s  were p l a c e d  on r e l a t l v e  head ing  o r  on t ime i n  t h e  cap- 
t u r e  rep ion .  I t  i s  p o s s i b l e  t o  i n c l u d e  such c a p t u r e  r equ i r emen t s  
w i t h i n  the  N A G P I E  framework. However, i n  t h i s  example where w e  
have assumed n e a r  e q u a l i t y  i n  performance of  t h e  competinp a i r -  
c r a f t ,  cap tu re  would t h e n  b e  v i r t u a l l y  imposs ib l e .  A t  t h i s  stage i n  
development of  t h e  Markov approach,  w e  b e l i e v e d  o u r  u n d e r s t a n d i n e  
would b e  b e t t e r  s e rved  by  s o l v i n p  t h e  problem w i t h  t h e  less real-  
i s t i c  c a p t u r e  c o n d i t i o n .  
* 
3i 
A c t u a l l y ,  w e  t r i e d  a more meaninpful  c r i t e r i o n  f o r  c a p t u r e  on a 
t e s t  problem i n  which t h e  s t a t e - s p a c e  d i s c r e t i z a t i o n  was much 
c r u d e r .  We found t h e  t ime- to-capture  was e x t r e m e l y  l a rge ,  and 
t h e  i t e r a t i v e  s o l u t i o n  had s t i l l  not  converged! 
4 2  
 
( u , v )  was t a k e n  t o  be the  a v e r a g e  c i j  - - The i n c r e m e n t a l  c o s t ,  
t i m e  o f  a t r a n s i t i o n  from Si t o  S 
The t o t a l  c o s t  is t h e n  t h e  expec ted  t ime- to -cap tu re ;  t h e  a t t a c k e r  
attempts t o  minimize t h i s  t ime,  t he  evader  t o  maximize i t .  
u s i n g  maneuver p a i r  ( u , v ) .  - -  
j 
R e s u l t s  
The comple te  " s o l u t i o n "  t o  t h e  v a r i a b l e  speed p l a n a r  combat 
problem compr ises  a c o n s i d e r a b l e  amount o f  data .  Inasmuch as w e  
are n o t  concerned  here w i t h  t h e  d e t a i l s  o f  t h e  s o l u t i o n ,  we ab- 
s t r a c t  t h e  data i n  t h e  hope of  p r o v i d i n g  an i n s i g h t  i n t o  t h e  n a t u r e  
of  t h e  r e s u l t s  fo r  t h i s  complex Markov game. To t h i s  e n d ,  w e  g i v e  
br ie f  c o n s i d e r a t i o n  t o  op t ima l -cos t s ,  -strategies and - t r a j e c t o r i e s .  
O p t i m a l  c o s t s :  The c o s t  f o r  each s t a t e - b l o c k  i s  t h e  e x p e c t e d  
t ime- to -cap tu re  f o r  zn e n c o u n t e r  starting somewhere w i t h i n  t h e  
f ive -d imens iona l  hypercube d e f i n i n p  t h a t  b l o c k .  The op t ima l  c o s t  
i s  t h e  c o s t  o b t a i n e d  when bo th  players use  t h e i r  o p t i m a l  s t ra tegies .  
Before  d i s c u s s i n g  s p e c i f i c  c o s t - r e s u l t s ,  w e  n o t e  t h a t  because  o f  
t h e  u n c e r t a i n t y  i n  t h e  problem, t h e  o p t i r r a l  c o s t s  are only  i n d i c a -  
t o r s ;  n u m e r i c a l  v a l u e s  of  t h e  c o s t  have l i t t l e  p h y s i c a l  s i p n i f i -  
cance .  
I n  F i g u r e  11,we p r e s e n t  t h e  o p t i m a l  c o s t s  f o r  engagements 
s t a r t i n g  w i t h  a r anpe  between 7500'and 1 5 , 5 0 0 '  and t h e  e v a d e r ' s  
Mach No. b e i n g  somewhere between 1 . 0  and 1 . 2 5 .  These r e s u l t s  
agree w e l l  w i t h  i n t u i t i o n .  For  the  most p a r t ,  c o s t  i n c r e a s e s  
w i t h  i n c r e a s i n g  azimuth a n g l e ,  f o r  a g iven  a t t a c k e r  speed .  When 
t h e  e v a d e r  i s  "s t ra ipht -ahead"  (5(1)), c o s t  decreases w i t h  i n -  
c r e a s i n g  a t t a c k e r  speed ,  excep t  when t h e  evade r  is head inp  toward 
f
I n  t h i s ,  and subsequent  f i g u r e s ,  t h e  n o t a t i o n  x ( i )  re fe rs  t o  t h e  
i - t h  b lock  of  t h e  s t a t e  v a r i a b l e  x; e . g . ,  r ( 5 )  and 5 ( 3 )  r e f e r  t o  
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t h e  a t t a c k e r  ( $ ( 2 ) ) .  If t h e  e v a d e r  i s  o f f  t o  t h e  r i p h t  o r  behind 
t h e  a t t a c k e r ,  t h e n  i t  appears t h a t  t he  a t t a c k e r  i s  g e n e r a l l y  
b e t t e r  o f f  i f  h i s  speed  i s  " e q u a l  t o "  o r  s l o w e r  t h a n  t h a t  o f  t h e  
e v a d e r .  
F i g u r e  1 2  g i v e s r e s u l t s  f o r  s t a r t i n g  c o n d i t i o n s  i n  which t h e  
speeds o f  t h e  a t t a c k e r  and evade r  a r e  approx ima te ly  e q u a l .  Only 
t h e  i n t e r m e d i a t e  and f u r t h e s t  ranpe-b locks  are c o n s i d e r e d ;  a t t e n -  
t i o n  i s  a l s o  r e s t r i c t e d  t o  t h e  c a s e s  where t h e  e v a d e r  i s  i n i t i a l l y  
headed t o  t h e  l e f t  ( $ ( 3 ) )  o r  i s  t r a v e l l i n g  i n  about  t h e  same d i r e c -  
t i o n  ( $ ( 4 ) ) .  We see t h a t  c o s t s  i n c r e a s e  un i fo rmly  w i t h  speed f o r  
a g i v e n  az imuth  a n g l e  and t h a t  t h e y  g e n e r a l l y  i n c r e a s e  w i t h  azi- 
muth a n g l e  fo r  a g i v e n  speed .  Perhaps t h e  most i n t e r e s t i n g  a s p e c t  
o f  these r e s u l t s ,  i s  t h e  s u g g e s t i o n  of a c o s t - b a r r i e r ,  p a r t i c u l a r l y  
f o r  $ ( 3 )  c a s e s .  
O p t i m a l  s t ra tegies:  Table  3 p r e s e n t s  t h e  o p t i m a l  a t t a c k e r  
As f a r  as t u r n i n p  s t r a t egy  i s  
s t ra tec ies  when b o t h  a i r c r a f t  are at  approx ima te ly  t h e  same 
speed ,  i . e . ,  .75 5 Ma,Me 5 1.0. 
concerned ,  w e  see t h a t  when t h e  evader  i s  headed t o  t h e  r i g h t  
(9(1)) o r  i s  t r a v e l l i n e  i n  t h e  same d i r e c t i o n  as t h e  a t t a c k e r  
( $ ( 4 ) ) ,  t h e  p u r s u i t  s t r a t e g y  i s  e s s e n t i a l l y  t o  t u r n  toward  t h e  
e v a d e r .  When t h e  a t t a c k e r  and evader  are headed in o p p o s i t e  direc- 
t i o n s  ( $ ( 2 ) ) ,  there i s  a r e g i o n  i n - t i g h t  and "o f f - to - the - s ide" ,  
where i t  i s  o p t i m a l  t o  t u r n  away ( a  s w e r v e ) .  The most i n t e r e s t i n g  
s i t u a t i o n  o c c u r s  when t h e  evade r  i s  headed t o  t h e  l e f t  ( $ ( 3 ) ) . ( S e e  
F i g . 1 3 . )  When t h e  e v a d e r  i s  a t  12  o ' c l o c k  (c(1)) t h e  a t t a c k e r  shou ld  
t u r n  l e f t ,  presumably i n  an  e f f o r t  t o  get  i n t o  a t a i l  c h a s e .  A t  





T a b l e  e n t r i e s  g i v e  t u r n i n g  c o n t r o l  t h e n  t h r u s t  c o n t r o l ;  t h u s  RO 
means t u r n  r i g h t  w i t h  t h r u s t  o f f .  
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F I G .  1 2  V A R I A T I O N  I N  EXPECTED T I M E - T O - C A P T U R E ,  V ,  W I T H  A Z I K U T H  
, FOR D I F F E R E N T  MACH NO. R E G I M E S  ( R (  * ) :  RANGE :[:I: H E A D I N G  CELL) 
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- 1 5 O  1 5 O  
7 5  
D -T 
R = R i g h t  T u r n  
L = L e f t  T u r n  
D -- Dash 
T = T h r u s t  On 
0 = T h r u s t  O f f  
F I G .  1 3  O P T I M A L  P U R S U I T  S T R A T E G Y  F O R :  2 2 5 O ~ $ ( 3 ) < 3 1 5 O ;  - .75<MA(2), - 
ME(2)<1.00. - 
4 7  
TABLE 3 
Op t ima l  P u r s u i t  S t ra teg ies  f o r  .755Ma,Me51.0 
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i s  n e a r  ani t o  " c l o s e "  w i t h  a dash a t  greater  d i s t a n c e s .  It i s  
s t i l l  o p t i m a l  t o  t u r n  i n t o  t h e  evader  when he  i s  a t  2 o ' c l o c k .  
However, t h e  s i t u a t i o n  changes when t h e  evade r  i s  d i r e c t l y  t o  t h e  
r i g h t  ( 3  o ' c l o c k )  o r  "behind".  Then, e x c e p t  a t  t h e  preatest  ranges 
(r - > 7 5 0 0 ' )  t h e  e v a d e r  can p e t  i n s i d e  t h e  a t t a c k e r ' s  t u r n  r a d i u s ,  
t h u s  f o r c i n g  t h e  a t t a c k e r  t o  t u r n  away. Examinat ion o f  t h e  e v a d e r ' s  
s t r a t e p y  f o r  t h i s  c a s e  r e v e a l s  t h a t ,  where p o s s i b l e ,  t h e  e v a d e r  
w i l l  attempt t o  t u r n  i n t o  and p e t  behind t h e  a t t a c k e r ;  a t  greater 
r a n g e s  where such a t a c t i c  i s  not  l i k e l y  t o  be  s u c c e s s f u l ,  t h e  
e v a s i v e  s t r a t e p y  is t o  "f lee"  ( s e e  F i g . 1 4 ) .  
The o p t i m a l  t h r u s t i n g  s t r a t e g y  f o r  t h e  p u r s u e r  i s  somewhat 
more complex a l t h o u g h  t h e  t r e n d s  ag ree  w i t h  i n t u i t i o n .  G e n e r a l l y  
speak ing ,  when t h e  e v a d e r  is c l o s e - i n  and t i g h t e r  t u r n s  are re- 
q u i r e d ,  i t  i s  o p t i m a l  t o  ilse z e r o  t h r u s t ;  a t  l o n g e r  r ange ,  where 
i t  i s  i m p o r t a n t  t o  r educe  s e p a r a t i o n ,  i t  is o p t i m a l  t o  t h r u s t .  
However, t he re  are many e x c e p t i o n s  t o  these t r e n d s .  One might 
b e  able t o  e x p l a i n  these e x c e p t i o n s  a f t e r  t h e  f a c t  b u t  i t  would 
have been v i r t u a l l y  i m p o s s i b l e  t o  have f o r e c a s t  them. 
S t r a t e g i e s  i n  r ema in ine  p o r t i o n s  of  t h e  s t a t e - s p a c e  were n o t  
u n l i k e  t h o s e  d e s c r i b e d  above,  w i th  m o d i f i c a t i o n s  due t o  changes  
i n  speed  b e i n g  abou t  as expec ted .  Thus, a t  h i g h e r  a t t a c k e r  speeds  
t h e  g r e a t e r  t u r n i n g  r a d i i  r e s u l t e d  in l a r g e r  r e g i o n s  i n  which it 
was o p t i m a l  t o  t u r n  away from t h e  t a r g e t .  Converse ly ,  when t h e  
a t t a c k e r  was s l o w e r  t h a n  t h e  e v a d e r ,  t h e  r e g i o n s  i n  which d i r e c t  
p u r s u i t  was a p p r o p r i a t e  expanded. As f o r  t h r u s t  c o n t r o l ,  t h e  
t r e n d s  were r e a s o n a b l y  i n t u i t i v e  b u t ,  as above, t h e  p a r t i c u l a r s  
were q u i t e  u n p r e d i c t a b l e .  
49 
R =  
L =  
D =  
T =  
o =  
75 
R i g h t  T u r n  
L e f t  T u r n  
Dash 
T h r u s t  On 
T h r u s t  O f f  




Optimal t r a j e c t o r i e s :  A s  mentioned ear l ie r ,  MAGPIE can  be  
used  t o  g e n e r a t e  s p e c i f i c  t r a j e c t o r i e s  t h a t  r e s u l t  from s t a r t i n g  
a t  f i x e d  i n i t i a l  c o n d i t i o n s  and "p lay ing"  t h e  o p t i m a l  s t r a t eg ie s .  
I n  t h i s  s e c t i o n ,  w e  p r e s e n t  f o u r  such t r a j e c t o r i e s  f o r  t h e  v a r i -  
able speed p l a n a r  combat problem. The r e s u l t s  are p l o t t e d  i n  
i n e r t i a l  c o o r d i n a t e s  and we assume t h a t  t h e  a t t a c k e r  i s  i n i t i a l l y  
a t  t h e  o r i g i n .  
F i g u r e 1 5  g i v e s t h e  r e s u l t  of a n  e n c o u n t e r  t h a t  s ta r t s  w i t h  
e v a d e r  a t  f a i r l y  l o n g  r ange ,  o f f  t o  t h e  r i g h t ,  and  headed a c r o s s  
t h e  a t t a c k e r ' s  p r o j e c t e d  p a t h .  (Exact  i n i t i a l  c o n d i t i o n s  f o r  t h e  
engagement are shown on t h e  f i g u r e ,  as i s  the  case i n  subsequen t  
examples . )  I n i t i a l l y ,  t h e  e v a d e r  e x e c u t e s  a minimum r a d i u s  t u r n  
t o  the r i g h t ,  b r i n g i n g  his Mach No. down t o  the  minimum v a l u e  o f  
Me = 
115O he b e g i n s  a n o n t h r u s t i n g  dash. T h i s  z e r o  t h r u s t  c h o i c e  would 
appear t o  b e  t h e  p e n a l t y  f o r  imper fec t  i n f o r m a t i o n ;  s o  f a r  as t h e  
e v a d e r  ( o r  a t t a c k e r )  i s  concerned t h e  r ange  i s  s t i l l  preater t h a n  
3500 f t .  and t h e  speeds  o f  t h e  two a i r c r a f t  are t h e  "same" ( a l l  
t h a t  i s  known i s  t h a t  .5 5 M,,M, 5 . 75 ) .  
less t h a n  3500 f t . ,  the  e v a d e r  s tar ts  t o  apply  t h r u s t  a g a i n  i n  a n  
attempt t o  e scape .  The a t t a c k e r  beg ins  t h e  engagement by d a s h i n g .  
While t h e  evader is headed across h i s  p a t h  t h e  attacker uses z e r o  
t h r u s t .  When t h e  two a i r c r a f t  a r e  heading  i n  t h e  "same" d i r e c t i o n ,  
t h e  a t tacker  appl ies  f u l l  t h r u s t  i n c r e a s i n g  h i s  speed u n t i l  
Ma > .75 .  
"12 o ' c l o c k " ,  l o s i n g  speed i n  t h e  p rocess .  A t  t h i s  p o i n t ,  t h e  
a t t a c k e r ' s  s t r a t e p y  d u p l i c a t e s  tha t  o f  t h e  e v a d e r ,  i . e . ,  he dashes 
u s i n g  z e r o  t h r u s t  u n t i l  r 2 3500 f t .  Thus, t h e  f i n a l  stage o f  
t h e  engagement i s  a t a i l - c h a s e .  
.5 i n  t h e  p r o c e s s .  A f t e r  t u r n i n g  h i s  f l i g h t  p a t h  by abou t  
When t h e  r ange  becomes 
H e  t h e n  e x e c u t e s  a s l i g h t  t u r n  t o  p l a c e  t h e  t a rge t  a t  




' 3 4 f t . )  
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F I G .  1 5  C A P T U R E  T R A J E C T O R Y  F O R  E V A D E R  I N I T I A L L Y  H E A D E D  A C R O S S  
A T T A C K E R ' S  P A T H  
(r,=13,500 f t . ,  5,=4Z0, $ o = 2 7 0 0 ,  M = .72 ,  M e  = . 5 9 )  
0 
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F i g u r e  1 6  showsan engagement t h a t  s t a r t s  o f f  i n  somewhat 
s imilar  f a s h i o n  e x c e p t  t ha t  t h e  two v e h i c l e s  are headed i n  approx- 
i m a t e l y  t h e  same d i r e c t i o n .  Ac tua l ly ,  t h e  t r a j e c t o r y  o f  t h e  p r e -  
v i o u s  example passed th rough  t h e  i n i t i a l  s t a t e - b l o c k  ( i . e . ,  r ( 5 ) ,  
5 ( 2 ) ,  $(4), M a ( l ) ,  M e ( l ) )  f o r  t h i s  c a s e .  It can be s e e n  t h a t  t h e  
b a s i c  c h a r a c t e r  of  t h e  engagement i s  t h e  same as t h e  p r e v i o u s  one ,  
end ing  i n  a t a i l - c h a s e .  It i s  i n t e r e s t i n g  t o  n o t e  t h a t  t h e  f i n a l  
d i r e c t i o n  i n  i n e r t i a l  space  i s  q u i t e  d i f f e r e n t .  Another  i n t e r e s t -  
i n g  p o i n t  i s  t h e  con t inued  cu rv ing  o f  t h e  f l i g h t  p a t h s .  T h i s  
a r i s e s  from a " c h a t t e r i n g "  a l o n g  t h e  5=15" r a y ;  f o r  t h e  c o n d i t i o n s  
encoun te red  h e r e  t h i s  r a y  s e p a r a t e s  a dash r e g i o n  from a t u r n  r e g i o n ,  
f o r  each  v e h i c l e .  
1 
FiFUre 17  demons t r a t e s  a s i t u a t i o n  i n  which t h e  e v a d e r  s ta r t s  
I 
o u t  well  w i t h i n  t h e - t u r n - r a d i u s  of t h e  a t t a c k e r ,  b u t  i s  headed 
away ( t o  t h e  r i g h t ) ,  The e v a d e r  i n i t i a l l y  t u r n s  r i g h t  b u t  s w i t c h e s  
t o  a dash as h i s  azimuth angle r e l a t i v e  t o  t h e  a t t a c k e r  i n c r e a s e s .  
During t h i s  t i m e ,  r a n g e  i n c r e a s e s  as t h e  a t t a c k e r  t u r n s  toward t h e  
e v a d e r .  After about  s i x  s e c o n d s ,  t h e  two v e h i c l e s  are headed i n  
approx ima te ly  t h e  same d i r e c t i o n  and t h e  e v a d e r  a t t e m p t s  t o  t u r n  
t h e n  t u r n s  w i t h  t h e  e v a d e r  u n t i l  c a p t u r e .  There i s  no  t a i l - c h a s e  
I n  t h i s  engagement! 
P i n s i d e  the  a t t a c k e r .  The a t t a c k e r  r e sponds  first w i t h  a dash and 
i 
c 
The f i n a l ,  and pe rhaps  most i n t e r e s t i n g ,  t r a j e c t o r y  w e  s h a l l  
d i s c u s s  here i s  p r e s e n t e d  i n  F igure  1 8 .  The engagement s t a r t s  w i t h  
t h e  e v a d e r  i n s i d e  t h e  a t t a c k e r ' s  t u r n  r a d i u s  and headed toward 
him.  Moreover, t h e  a t t a c k e r ' s  speed i s  abou t  20% grea te r  t h a n  t h a t  
o f  t h e  e v a d e r .  Thus, t h e  e v a d e r  i s  i n  a most advantageous  p o s i t i o n ,  
as can  be  s e e n  from t h e  r e s u l t ;  namely, c a p t u r e  has  n o t  o c c u r r e d  
w i t h i n  90 seconds ,  and i t  seems l i k e l y  t h a t  t h e  e v a d e r  can  remain  a t  
















0 0  

























h O  


































t h e  a t t a c k e r ,  f o r c i n g  him t o  overshoot  i n  t u r n s  because  o f  h i s  
g rea te r  speed .  The a t t a c k e r ,  on t h e  o t h e r  hand,  keeps  t r y i n p  t o  
t u r n  away from t h e  e v a d e r ,  so  as t o  o b t a i n  s u f f i c i e n t  s e p a r a t i o n  
f o r  an a t t a c k .  The  r e s u l t i n g  p a t h s  are  h i g h l y  r e m i n i s c e n t  of 
t hose  c h a r a c t e r i s t i c  of  t h e  well-known " s c i s s o r s "  maneuver. 
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6. COP'PCTATIONAL FF,ASIEII,ITY OF PARKOV APPROACH 
The ma,jor a u e s t i o n  w i t h  r e s p e c t  t o  t h e  Markov game approach 
t o  a e r i a l  combat problems was: "Could s o l u t i o n s  t o  s i g n i f i c a n t  
problems b e  o b t a i n e d  u s i n g  a c c e p t a b l e  amounts of computer re- 
s o u r c e s ? "  Our s t u d y  of  t h e  p l a n a r  combat p r o b l e m  s u g g e s t s  t h a t  
-- i t  i s  feas ib le  t o  s o l v e  meaningful problems i n  t h i s  way. It a l s o  
p r o v i d e s  data t h a t  a l l o w s  u s  t o  examine t h e  l i m i t s  o f  o u r  c u r r e n t  
c a p a b i l i t i e s .  I n  t h i s  c h a p t e r ,  we summarize t h a t  data  and d i s c u s s  
i t s  i m p l i c a t i o n s .  
We a n t i c i p a t e d  t h a t  t h e  p r a c t i c a l i t y  of  t h e  method would 
h inpe  on t h e  r e a u i r e m e n t s  f o r  hiph-speed s torape and f o r  CPU t i m e ,  
O u r  e x p e r i e n c e  now i n d i c a t e s  t h a t  high-speed s t o r a p e  i s  n o t  a s i p -  
n i f i c a n t  problem. The " s t a t e - inc remen t"  f o r m u l a t i o n  and t h e  e l i m -  
i n a t i o n  of  "co rne r "  t r a n s i t i o n s  h e l p  t o  r educe  s torape  r e a u i r e f i e n t s  
t o  manapeable l e v e l s .  Indeed ,  t h e  " c o r e "  r e q u l r e m e n t s  f o r  t h e  
f i v e - s t a t e ,  p l a n a r  combat problem ( P C P )  were such  t h a t  t h i s  p rob -  
lem was r u n  i n  s t a n d a r d  f a s h i o n  w i t h  o t h e r  " j o b s " .  I n  a d d i t i o n ,  
the u s e  of  word-packinr f o r  s t o r i n p .  t h e  p I s  r e d u c e s  s i p n i f l c a n t l y  




i j  
The s i t u a t i o n  w i t h  r e s p e c t  t o  CPU time is  n o t  s o  f a v o r a b l e .  t: 
I 
i 
E so lved  i n  t h i s  s t u d y ;  namely, t h e  Homocidal Chauffeur  problem, t h e  
T h i s  can  be s e e n  by e x t r a p o l a t i n g  the r e s u l t s  of t h e  three problems 
Two-Car problem and t h e  Variable-Speed P l a n a r  Combat p rob lem ( P C P ) .  
These problems are similar i n  n a t u r e ,  b u t  r e q u i r e  d i f f e r e n t  amounts 
of CPU t ime,  p r i m a r i l y  because o f  d i f f e r e n c e s  i n  t h e i r  r e s p e c t i v e  
s t a t e  and c o n t r o l  s p a c e s .  
The maJor p o r t i o n  o f  t h e  requi red  CPU time (approx ima te ly  2 / 3 )  
i s  devo ted  t o  computinp t h e  t r a n s i t i o n  p r o b a b i l i t i e s  ( p  I s ) .  The 
p r ime  f a c t o r s  e f f e c t i n p  t h i s  computation t ime are: t h e  number o f  
i j  
59 
s t a t e  blocks ( N ) ;  t h e  number o f  c o n t r o l - p a i r  p o s s i b i l i t i e s  (UxV); 
t h e  number o f  p o i n t s  p e r  b l o c k  (P) and t h e  ave rage  number of i n -  
t e g r a t i o n  s teps  p e r  b l o c k  ( T )  used i n  c a l c u l a t i n g  t h e  r e l a t i v e  
f r e q u e n c i e s  i d e n t i f i e d  w i t h  t h e  p ' s .  I n  Table 4 ,  w e  p r e s e n t  
v a l u e s  of C = N * U * V * P . T  f o r  t h e  th ree  problems b e i n g  c o n s i d e r e d  
a l o n e  wi th  a c t u a l  CPU times (CDC-6600) r e q u i r e d  t o  s o l v e  each  of 
t h e  p rob lems  u s i n g  MAGPIE ( i . e . ,  t o  compute t h e  p ' s  and t h e  
optimal s t r a t e g i e s ) .  It can  b e  s e e n  from t h i s  t ab le  t h a t ,  f o r  
t i m i n g  es t imates , i t  i s  r e a s o n a b l e  t o  assume t h a t  t o t a l  CPU t i m e  
is p r o p o r t i o n a l  t o  C .  
i j  
- 
TABLE 4 
Measured CPU Time VS.  P rob len  S i z e  
Problem C = N * U * V * P * T  CPU Time 
* 
Homocidal Chauffeur  1.512 x l o 5  62 s e c  
Two-Car 15.75 x l o 5  530 sec 
Aerial Combat 816.5 x l o 5  -32,000 s e c  
Now l e t  us  e x t r a p o l a t e  these r e s u l t s  t o  a r easonab ly  ex ten -  
s i v e ,  th ree-d imens iona l  a i r  combat problem (3D). The s t a t e  equa- 
t i o n s  f o r  such a problem may b e  w r i t t e n  i n  a n  a t t a c k e r - c e n t e r e d  
c o o r d i n a t e  sys tem t h a t  has i t s  x-y p l a n e  h o r i z o n t a l  and i t s  x-axis  
a l i g n e d  w i t h  t h e  h o r i z o n t a l  p r o j e c t i o n  o f  t h e  a t t a c k e r ' s  v e l o c i t y  
v e c t o r .  We can  t h e n  take as s t a t e  v a r i a b l e s :  t a rge t  r a n g e ,  a z i -  
muth and e l e v a t i o n  ( r , c , n ,  r e s p e c t i v e l y )  ; r e l a t i v e - h e a d i n g  ( J I )  
and Mach No. ( A M = M a - M e ) ;  a t t a c k e r  a l t i t u d e  ( h a ) ,  Mach No. ( M a )  
and f l i g h t  p a t h  a n g l e  ( y a ) ;  and t h e  t a rge t  f l i g h t  p a t h  a n g l e  ( y e ) .  
* *  
" 
We use t h e  " c r u d e - d i s c r e t i z a t i o n "  f o r m u l a t i o n  f o r  o u r  estimates. ** 
Other c h o i c e s  are poss ib l e ,  of c o u r s e .  
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Table  5 g i v e s  a l i s t  of t h e s e  s t a t e s  a l o n g  w i t h  a b l o c k  d i s c r e t i -  
z a t i o n  l e v e l  t h a t  appears r easonab le  i n  view o f  p i l o t  c a p a b i l i t i e s .  
A l s o  shown i n  t h i s  t ab le  are s t a t e  d i s c r e t i z a t i o n s  f o r  a problem 
r e s t r i c t e d  t o  a v e r t i c a l  p l a n e  ( V P ) ,  
TABLE 5 













N = T o t a l  No. of  Blocks 
No. of Blocks P e r  S ta te  
3-Dimensional 
5 
V e r t i c a l  P l ane  
6 
-- 








-'One need only  c o n s i d e r  q ( y )  i n  t h e  i n t e r v a l  ( - I T / ~ , T / ~ ) ,  because  
v a l u e s  i n  t h e  remaining? two quadrants  co r re spond  t o  changes i n  
azimuth ( h e a d i n p )  . 
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The r anpe ,  azimuth and r e l a t i v e  head ing  d i s c r e t i z a t i o n s  a re  
t h e  same as t h o s e  used f o r  t h e  PCP, e x c e p t  t h a t  an e x t r a  range  
b lock  (from 15,500 f t . - 3 l , 5 0 0  f t . )  h a s  been added.  E l e v a t i o n  
a n g l e  i s  g i v e n  i n  "c lock  a n q l e s . "  The th ree  d i s c r e t i z a t i o n  l e v e l s  
f o r  A M  correspond t o  t h e  ta rge t  b e i n g  "faster" ,  "s lower"  o r  a t  
"approximately t h e  same speed"  as t h e  a t t a c k e r .  The th ree  a t t a c k e r  
Mach "blocks" should  g i v e  adequate speed r anpe  f o r  a n  engagement. 
F l i g h t  p a t h  a n p l e s  are assumed t o  be  d i s c r e t i z e d  i n  3 6 O  i n c r e m e n t s ,  
cor responding  t o  sha l low o r  s t e e p  c l i m b s  and d i v e s  and " l e v e l "  
f l i g h t .  F i n a l l y ,  w i t h  f o u r  a l t i t u d e  "b locks"  f o r  t h e  a t tacker ,  
w e  could accommodate a 1 0 , 0 0 0  ( 2 0 , 0 0 0 )  f t .  a l t i t u d e  v a r i a t i o n  i n  
steps of 2500 (5000)  f t .  
# 
Reasonable c o n t r o l  v a r i a b l e s  f o r  t h i s  problem are l o a d  f a c t o r  
( n ) ,  bank a n g l e  ( 0 )  and t h r u s t  l e v e l  T .  A f a i r l y  complete  se t  of  
maneuvers could b e  o b t a i n e d  from (n=nmax, 0=0,n,+lr/2,+n/4; n=n / 2 ,  max 
0=0,n,+n/2,tn/4;  - n = l , 4 = 0 ) .  If any of  these maneuvers can  be per- 
formed a t  T=Tmax o r  T=O, w e  have 26 p o s s i b l e  c o n t r o l  c h o i c e s  p e r  
p l a y e r  ( i . e . ,  U=V=26). 
- 
* *  
The number o f  p o i n t s / b l o c k  r e q u i r e d  t o  c a l c u l a t e  t h e  t r a n s i -  
t i o n  p r o b a b i l i t i e s  w i t h  r e a s o n a b l e  accuracy  depends on t h e  number 
of p o s s i b l e  t r a n s i t i o n s .  For  t h e  3-D problem the re  are 19 p o s s i b l e  
non-zero p 
f o r  a given c o n t r o l  p a i r  i t  i s  common t h a t  on ly  a f e w  of t h e  pos- 
s i b l e  p I s  i n  a b lock  are non-zero,  a r e s u l t  t h a t  agrees w e l l  
w i t h  p h y s i c a l  i n t u i t i o n .  Thus,  P = 125 p o i n t s / b l o c k  should  be  
adequate ,  e s p e c i a l l y  i f  these p o i n t s  are s e l e c t e d  randomly. 
P. 
** 
's  f o r  any s t a t e  i f  I n  p r a c t i c e ,  w e  have found t h a t  
i j  
i j  
The a l t i t u d e  of t h e  target  i s  s imply  ha + r s i n  n. 
t r a n s i t i o n s .  
Perhaps combined w i t h  speed b r a k e s  t o  g i v e  a d e c e l e r a t i o n .  
'Because there  are n i n e  s t a t e  v a r i a b l e s  and w e  assume no "co rne r "  
6 2  
F i n a l l y ,  f o r  purposes  of es t imat inp ,  computa t i  
sume t h a t  T=5, t h e  v a l u e  used i n  t h e  PCP. 
Usinp t h e  above numbers, we ob ta in  
n time w e  s h a l l  as- 
S i m i l a r l y ,  u s i n p  v a l u e s  a p p r o p r i a t e  t o  t h e  VP g i v e s  
= ( 6 . 5 ~ 1 0  ) (10x10) (100) ( 5 )  e 3 . 2 5 ~ 1 0 '  4 cvP 
E x t r a p o l a t i o n  from Tab le  4 y i e l d s  
and 
( C P U  T i m e ) V p  = 3 . 5 ~ 1 0 ~  h r s .  
The above times are undoubtedly d i s c o u r a g i n g ,  b u t  i t  must be  
remembered t h a t  w e  are t a l k i n g  about "global" s o l u t i o n s  t o  h i g h l y  
Complex games. Moreover, t h e  estimates are f o r  a r e l a t i v e l y  
s t r a i g h t f o r w a r d  f o r m u l a t i o n  of  t h e  problem and do n o t  a n t i c i p a t e  
any improvements i n  t h e  t echn iques  employed. L e t  u s  now examine 
some r e a s o n a b l e  assumptions concern ing  t h e  problem t h a t  h e l p  re- 
duce t h e  computa t iona l  requi rements .  
* 
* 
Later, w e  sugges t  some a l t e r n a t i v e s  t h a t  r e t a i n  many o f  t h e  ad- 
van tages  of t h e  Markov approach b u t  are more l i m i t e d  i n  scope .  
These  a l t e r n a t i v e s  might  p r o v i d e  q u i t e  u s e f u l  r e s u l t s  w i thou t  
imposing s o  s e v e r e  a computa t iona l  load. 
A p h y s i c a l l y  a p p e a l i n g  assumpt ion  t h a t  we have n o t  i n c o r p o r a t e d  
i n  t h e  above f o r m u l a t i o n  ( e x c e p t  I n  t h e  use  of s p h e r i c a l  c o o r d i n a t e s )  
i s  t o  make t h e  q u a l i t y  of i n f o r m a t i o n  b e  range  dependent .  Thus,  
f o r  example, we may assume t h a t  i n  t h e  l a s t  two r -b locks  ( i . e . ,  
beyond 7 5 0 0 1 ) ,  i n s t a n t a n e o u s  r e l a t i v e  head ing  cannot  b e  r e s o l v e d ,  
imply inc  t h e  use  of  a s i n g l e  $-block f o r  these r a n p e s .  T h i s  as- 
sumption a l o n e  reduces  t h e  number o f  s t a t e  b l o c k s ,  and hence t h e  
computation time, by 25%.  Another h i g h l y  t e n a b l e  assumpt ion  i s  
t h a t  t h e  engagement t e r m i n a t e s  (or e s c a p e  o c c u r s )  i f  t h e  t a rge t  
i s  "behind" t h e  p u r s u e r  ( s a y ,  135O<5<225O) and is headed i n  t h e  
o p p o s i t e  d i r e c t i o n .  T h i s  c o n s t r a i n t  r educes  t h e  number of  s t a t e  
b l o c k s  by an a d d i t i o n a l  8 % ,  so  t h a t  1/3 of  t h e  t o t a l  computer 
t i m e  i s  saved by  makinp both  assumpt ions .  
The o r i g i n a l  t i m i n g  estimate f o r  t h e  3 D  problem assumed t h a t  
e i t h e r  p l a y e r  migh t  u s e  any one o f  26 separate s t r a t e g i e s  i n  any 
b lock .  It seems l i k e l y  t h a t  c a r e f u l  a n a l y s i s  o f  t h e  problem cou ld  
e l i m i n a t e  many c o n t r o l  c h o i c e s  t h a t  are undoubtedly nonopt imal  i n  
a g iven  b lock .  For  e x a m p l e ,  i f  t h e  t a rge t  i s  o f f  t o  t h e  r i g h t ,  
at l o n e  range  and head ing  r i g h t ,  i t  i s  h i g h l y  improbable  t h a t  t h e  
a t t a c k e r  shou ld  t u r n  l e f t .  While a c t u a l  r e d u c t i o n s  i n  c o n t r o l  
c h o i c e s  w i l l  have t o  await a more d e t a i l e d  a n a l y s i s  of t h e  problem, 
i t  seems reasonab ly  c o n s e r v a t i v e  t o  assume t h a t ,  - on t h e  a v e r a p e ,  
one could e l i m i n a t e  1/3 of  a p l a y e r ' s  c h o i c e s  i n  each  b l o c k .  
Such a r e d u c t i o n  i n  c o n t r o l  c h o i c e s  r educes  t h e  CPU t i m e  by  more 
t h a n  a f a c t o r  of  2 .  
n 
i------- 
Necessary c o n d i t i o n s  m i g h t  b e  used i n  t h e  p r o c e s s .  For  example, 
g iven  t h e  n a t u r e  o f  o p t i m a l  s o l u t i o n s ,  i t  would no t  b e  S u r p r i s i n g  
c o n t r o l s  d i d  n o t  s a t i s f y  necessa ry  c o n d i t i o n s .  E l i m -  n max if the -- 2 
i n a t i n g  these  c o n t r o l s  would reduce  a p l a y e r ' s  p o s s i b l e  c h o i c e s  
from 26 t o  1 4 .  
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The n e t  e f f ec t  o f  t h e  above assumptions i s  approximate ly  an  
order-of-magnitude r e d u c t i o n  i n  CPU t i m e .  Thus,  s o l v i n g  t h e  VP 
becomes r e a s o n a b l e ,  i f  expens ive ;  t h e  approximate ly  1 . 5  y e a r s  CPU 
time makes it i m p r a c t i c a l  t o  s o l v e  t h e  3D problem on a s i n g l e  CDC- 
6600. However, w e  a g a i n  p o i n t  ou t  t h a t  w e  have assumed no improve- 
ments i n  t h e  method, i n  codine: e f f i c i e n c y ,  o r  i n  t h e  computer 
i t s e l f .  We already have some evidence of t ime-saving  v i a  codinp  
e f f i c i e n c y .  I n  p a r t i c u l a r ,  t h e  u se  o f  t h e  CDC "extended compi le r"  
reduced  computa t ion  time f o r  t h e  Homocidal Chauffeur  problem b y  
20%.  Because t h e  same o p e r a t i o n s  a r e  repeated s o  many times i n  
computing t h e  t r a n s i t i o n  p r o b a b i l i t i e s  , even a small improvement 
i n  coding  e f f i c i e n c y  y i e l d s  a f a i r l y  s u b s t a n t i a l  payof f .  
The n e x t  g e n e r a t i o n  computers w i l l  undoubtedly have a sub- 
s t a n t i a l  speed advantage  o v e r  t h e  CDC-6600 and a 3 D  p roblep  as 
descr ibed  may wel l  be  w i t h i n  t h e i r  c a p a b i l i t y .  I n  t h i s  c o n n e c t i o n ,  
i t  snould  be  no ted  t h a t  t h e  computation o f  t h e  t r a n s i t i o n  p r o b a b i l -  
i t i e s  need n o t  b e  done s e q u e n t i a l l y .  Inasmuch as w e  are  n o t  core-  
l i m i t e d ,  t h i s  problem could  b e n e f i t  g r e a t l y  from t h e  use  o f  paral- 
l e 1  p r o c e s s i n g .  Indeed ,  i t  would appear t ha t  a computer l i k e  t h e  
I L L I A C  I V  would b e  i d e a l  f o r  s o l v i n g  t h i s  t y p e  problem and would 
p rov ide  pe rhaps  two o r d e r s  of magnitude s a v i n g  i n  CPU time. 
* 
z---- -- -- 
Note t h a t  t h i s  means t h a t  w e  could  d i v i d e  t h e  burden of  computinp 
t h e  t r a n s i t i o n  p r o b a b i l i t i e s  among computers i f  more t h a n  one i s  
a v a i l a b l e  (as a t  L R C ) .  T h i s  would reduce e lapsed  t i m e  t o  s o l v e  
t h e  problem. 
65  
7 .  C O N C L U D I N G  REFARKS 
I n  t h i s  r e p o r t  w e  have presented  t h e  c e n t r a l  r e s u l t s  o f  a 
s t u d y  t o  ex tend  and f u r t h e r  t e s t  t h e  Markov pame approach t o  
a e r i a l  combat problems. The i n v e s t i p a t i o n  invo lved  development 
of a s o p h i s t i c a t e d  computer program f o r  s o l v i n g  Markov pames pe r -  
t a i n i n g  t o  p l a n a r  combat and a p p l i c a t i o n  of  t h a t  program t o  two 
i d e a l i z e d  and one f a i r l y  r e a l i s t i c  problem. 
Numerical i n v e s t i g a t i o n s  o f  t h e  i d e a l i z e d  (Homocidal Chauffeur  
and Two-Car) pames were d i r e c t e d  a t  e x p l o r i n p  f u n d a n e n t a l  a s p e c t s  
o f  t h e  approach.  We found t h a t  f o r  the Homocidal Chauf feu r ,  as 
t h e  d i s c r e t i z a t i o n  became f i n e r ,  t h e  s o l u t i o n  t o  t h e  d i sc re t e  
Markov pame approached t h e  d i f f e r e n t i a l  pame s o l u t i o n  i n  a n  i m -  
p o r t a n t  r e s p e c t ;  namely,  t h e  d i s c r e t e  s t r a t e g y  b a r r i e r  approached 
t h e  con t inuous  b a r r i e r .  We a l s o  found t h a t  min-max and max-min 
s o l u t i o n s  o f  t h e  problem approached one a n o t h e r  more c l o s e l y  as 
t h e  d i s c r e t i z a t i o n  became f i n e r .  For t h e  Two-Car problem, min- 
max and max-min r e s u l t s  were very c l o s e  even f o r  a r e l a t i v e l y  
c rude  d i s c r e t i z a t i o n .  These  r e s u l t s  i n c r e a s e  o u r  conf idence  i n  







T r a j e c t o r i e s  were a l s o  computed f o r  t h e  i d e a l i z e d  problems 
and t h e y  r e v e a l e d  two i n t e r e s t i n g  f e a t u r e s  o f  t h e  s o l u t i o n s .  
F i r s t  , w e  found t h a t  "Cha t t e r inp"  between d i s c r e t e  s t a t e  b l o c k s  
w i t h  d i f f e r e n t  o p t i m a l  c o n t r o l s  was a d i s t i n c t  p o s s i b i l i t y .  
Second, it was d i scove red  t h a t  under  c e r t a i n  c o n d i t i o n s  t h e  e v a d e r  
could  a p p a r e n t l y  e s c a p e ,  even thouph t h e  expec ted  t ime- to-capture  
was f i n i t e .  P o s s i b l e  r e a s o n s  f o r  t hese  b e h a v i o r s  were s u p g e s t e d .  
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'The m e t h o d  was a l s o  a p p l i e d  t o  a h i p h l y  n o n l i n e a r ,  f i v e - s t a t e  
p l a n a r  combat. proble:!. It  i s  f a j r  t o  s a y  t h a t  o b t a i n i n p  t h e  feed- 
back sti-at,efPies for a problem o f  t h i s  mapmitude r e p r e s e n t s  a con- 
s i d e r a b l e  advance i n  s o l v i  n y  dynami c pares:  i n d e e d ,  feedback s o l u -  
t i o n s  t o  oy;tirnal c o n t r o l  proi?I.errs o f  t h i s  s i z e  and complexi ty  a re  
r a re .  I ' hus ,  i t  i s  f e a s i b l c  t o  s o l v e  a u i t e  complex a e r i a l  combat 
g a m s  w i t h  t h i s  rrethoc. T h i s  c a p a b i l i t y  f o r  s o l v i n p  complex prob- 
lems c o u l d  prove most u s e f u l  f o r  s y s t e m t i c  d e t e r m i n a t i o n  o f  s i g -  
n i f i c a n t  a i . r c r a f t  d c s i p n  parameters such a s  winp l o a d i n p ,  t h r u s t  
l o a d i n p ,  e t c .  ; beca.use b o t h  p l a y e r s  u se  t h e i r  o p t i m a l  s t r a t ep ie s  , 
t h e  e f f e c t s  o f  i n a d e n u a t e  p i l o t i n p  t e c h n i q u e s  and o f  w i d e  v a r i a -  
t i o n s  i n  t h o s e  techni f - lues  d o  n o t  o b s c u r e  t h e  b a s i c  issues  i n v o l v e d .  
T h e  Earkov aFproach shou ld  a l s o  he h e l p f u l  i n  e v a l u a t i n p  t r a d e o f f s  
b e t w e e n  improved s e n s i n r  c a p a b i l i t i e s  ( i . e . ,  i n f o r m a t i o n )  a.nd o t h e r  
d e s i p n  p a r a r e t e r s .  
SuFresti ons  for F u r t h e r  Research 
A l t h o u p h  t h e  Plarkov approach i n  i t s  p r e s e n t  forrr may b e  used 
f o r  f a i r l y  c o r p l e x  p r o b l e m s ,  e x t r a p o l a t i o n  o f  o u r  r e s u l t s  has 
shown tha t  i t  i s  p r e s e n t l y  i m p r a c t i c a l  t o  s o l v e  a 3D-ae r i a l  combat 
p a r e  ( o f  t h e  scope  d e s c r i t e d  i n  C h a p t e r  6) on p r e s e n t  p e n e r a t j o n  
computers. rlf c o a r s e ,  suck  s o l u t i o n s  could b e  made p o s s i b l e  b y  
deve lop ing  new a l p o r l  t h m s  , p a r t i  c u l a r l y  f o r  c o v p u t i n p  t r a n s i t i o n  
p r o b a b i l i t i e s .  P a r a l l e l  p r o c e s s i n p  machines ,  such  as TLLIAC I V  
cou ld  a l s o  advance t h e  p o s s j b i l i t y .  T h e s e  avenues of approach 
s h o u l d  undoubtedly b e  e x p l o r e d .  Rather  t h a n  do t h a t  here ,  w e  
s u p p e s t  some a l t e r n a t i v e s  t h a t  seer1 t o  have p o t e n t i a l  for more 
immediate payof f  i n  s t u d i e s  o f  t a c t i c a l  maneuverinp of a i r c r a f t .  
T h e s e  a l t e r n a t i v e s  r e t a i n  t h e  lnore i m p o r t a n t  f e a t u r e s  o f  t h e  War- 
kov fo rmula t ion  i n  t h a t  t h e y  i n c l u d e  t h e  e f f e c t s  o f  i m p e r f e c t  i n -  
format ion  d i r e c t l y  and t h e y  y i e l d  feedback s o l u t i o n s .  The differ- 
e n t  approaches have i n  colnmon an  a t t e m p t  t o  f o r m u l a t e  and s o l v e  
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meaningfu l ,  b u t  more t r a c t a b l e ,  sub-problems o f  t h e  " g l o b a l  3-D 
game." I n  a s e n s e ,  t h e y  may be  viewed as a means o f  a v o i d i n g  t h e  
computat ion r equ i r emen t s  imposed b y  having  t o  c o n s i d e r  a l l  pos- 
s i b l e  combina t ions  o f  d i s c r e t e  s t a t e s  ( N )  and c o n t r o l  p a i r s  (UxV). 
The M-Stage Game -- A T r a n s i e n t  Problem: I n  t h e  Fame problems 
w e  have c o n s i d e r e d  up t o  now, w e  have sought  t h e  o p t i m a l  steadx- 
s t a t e  c o n t r o l  p o l i c i e s ,  i . e . ,  w e  have s o l v e d  an --stape game. The 
concep tua l  bas i s  o f  an  M-stage game i s  t o  de t e rmine  t h e  op t ima l  
pursuer -evader  s t ra tecies  f o r  t h o s e  s t a t e s  t h a t  have a nonzero  
p r o b a b i l i t y  of  c a p t u r e  i n  M s tapes  ( o r  w i t h i n  a g iven  f i x e d - t i m e  
i n t e r v a l ) .  As a r e s u l t ,  it is  n o t  necessa ry  t o  c o n s i d e r  a l l  s t a t e s  
i n  t h e  space, b u t  on ly  t h o s e  t h a t  can be l i n k e d ,  th rough a sequence 
of  M c o n t r o l  d e c l s i o n s ,  t o  a c a p t u r e  s t a t e .  T h e r e  are s e v e r a l  ad- 
van tapes  t o  so lv inp .  an M-stape qame, as opposed t o  t h e  steady-state 
problem. The n a t u r e  o f  t h e  computation i s  such  t h a t  one c o n s t r u c t s  
a Markov c h a i n  throuqh t h e  s ta te  space w i t h  c a p t u r e  b l o c k s  as ab- 
s o r b i n g  s t a t e s .  Because t h e  computation p roceeds  s e q u e n t i a l l y  
( s t a r t i n p  a t  s t e p  1) , s t a t e  t r a n s i t i o n  p r o b a b i l i t i e s  are  computed 
as t h e y  are needed and no t  a p r i o r i .  Thus,  i f  a t  a g i v e n  s tage 
a s ta te  has  z e r o  p r o b a b i l i t y  of c a p t u r e ,  i t  i s  n o t  n e c e s s a r y  t o  
compute i t s  a s s o c i a t e d  t r a n s i t i o n  p r o b a b i l i t i e s .  On t h e  o t h e r  
hand, as M- there  i s  no computa t iona l  s a v i n F  s i n c e  most a l l  s ta tes  







I n  t h e  M-stage problem the  c o s t  f u n c t i o n a l  assumes a d i f f e r -  
e n t  form. Expected t ime t o  c a p t u r e  i s  r e p l a c e d  by expec ted  time 
t o  c a p t u r e  p l u s  a term p r o p o r t i o n a l  t o  t h e  p r o b a b i l i t y  o f  e scape .  
# 
 
Escape i s  d e f i n e d  as  be inp  i n  any s t a t e  o t h e r  t h a n  c a p t u r e  a f t e r  
M s t a F e s .  
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Thus  , 
'max v =  ( P r .  e s c a p e )  + T C  
T h i s  i s  a m e a n i n p f u l  c r i t e r i o n .  T h e  p u r s u e r  h a s  t h e  o p t i o n  of  
t r a d i n p  time t o  c a p t u r e  f o r  more c e r t a i n  c a p t u r e .  t i o t e  a l s o  t h a t  
as M- i n  t h e  s t e a d y - s t a t e  t h e  Pr. e s c a p e  + @  ( t h e  e v a d e r  c a n  b e  
c a u g h t  i n  t he  e n d )  and  t h e  c o s t  f u n c t i o n a l  r e d u c e s  t o  t h e  e x p e c t e d  
t i m e  t o  c a p t u r e .  
T h e r e  are  v a r i o u s  mcd i f i  c a t l o n s  t o  t r : c ,  bas: c I \ ' -stap p r o b l e m  
t h a t  allow for e v e n  p r e a t e r  s a v ;  rlkTF i n  c o n ~ p u t a t i  o n n l  e f f o r t .  F o r  
exarrple  cne may w T s l :  t o  d e l e t e  lnw priottab11it,y 1 i n k a t . e ~ .  A t  a n y  
i t e r a t i o n  t h e r e  v ~ i l l  k~ s t a t t ~ ~  t h o ?  l i n k  ( u n d c r  o r t i r r a l  p l a y )  i n  
o n l y  a weak  mariner ( l o w  tmr,:,it:  r)LA : I.ot,nk 5 1 i t y  ) t o  f a v o r a b l e  , low 
c o s t ,  s t a t e s .  It t h e n  oeec;rrx:: de: ' r a t  I v  t o  se t  t h e s e  small t r a n s -  
i t i o n  p r o b a b i l i t l e s  t o  z e r o .  ' : I C  w::;ult i s  tha t  one n e e d  c o n s i d e r  
fewer s t a t e s  a t  thc ntdxt ,  i t e r . a t ! o r  , : G Y C ~  i rporl tant ,  howcxver j s 
t h a t  t h e  s t a t e s  t h a t  arc c o r i s i d c w c  ( t iecat i :c.  of t h e  d e l e t l o r i  o f  
low p r o t  a b i l i t y  I l r i k s )  forni a l \ p ; ~ r ~ ~ o v  ciI;jjil t i  a t  has  s t r o r : v  b o ~ d s  
t o  c a y t u r e  b l o c k s ,  i . e . ,  a s t r o r i r  i . a r k o v  ck ,a in .  T h u s  W E  o p t i r r i z e  
o v e r  t h e  n o s t  I i b - v , : ~  s t a t t .  trari .) iLioris.  ' I ' h i s ,  a lo r iy  w j t h  t h e  
trarisi e s t  r ~ ; ~ t i i r ~ .  o f  t h p  approach  , s f ~ o u l t l  h e l p  t,o a v o i d  L I  P nor- 
c a p t u m ,  cloavr: i ~ : i , j e c t c r 1 ~ ' s  wc fourlo i n  t h j  s study. 
where ri = no. of s t a t e  v a r i a b l e s  ( 9  i n  t h e  3D-problem d e f i n e d  
above ) .  We t h e n  f i n d  t h e  " g l o b a l "  o p t i m a l  feedback s o l u t i o n ,  
i . e . ,  t he  c o n t r o l  t o  choose i n  each of  t h e  N-blocks. T h i s  i s  a 
powerfu l  s o l u t i o n ,  b u t  i t  i s  o f t e n  more t h a n  i s  a c t u a l l y  needed. 
A l l  t h e  s t a t e  b locks  imp l l ed  b y  t h e  above c o m b i n a t o r i a l  e q u a t i o n  
)t 
I are n o t  o f  e q u a l  p r a c t i c a l  i n t e r e s t ,  
gies i n  t he  "neighborhood" of t h a t  nominal t r a j e c t o r y .  Our com- 
p u t a t i o n a l  approach i s  w e l l - s u i t e d  t o  t h i s  task.  It w i l l  b e  re- 
1 
I A s y s t e m a t i c ,  p r a c t i c a l  and i n t e r e s t i n p  way i n  which t h e  
s t a t e - s p a c e  may b e  reduced i s  by  r e s t r i c t i n E  c o n s i d e r a t i o n  t o  a 
r e p i o n  o r  " t u b e "  ( i n  n-dimensional space )  su r round inp  a "nominal" 
I 
I t r a j e c t o r y .  We t h e n  seek, i n  essence ,  the  best  feedback s t r a t e -  
T h i s  approach should  r e s u l t  i n  a much more t r a c t a b l e  computa- 
t i o n a l  problem. While p r e c i s e  estimates are d i f f i c u l t  t o  make 
w i t h o u t  s p e c i f y i n g  p a r t i c u l a r  "nominal" t r a j e c t o r i e s ,  o u r  p r e v i o u s  
s t u d i e s  i n d i c a t e  t h a t  "opt imal"  t r a j e c t o r i e s  i n  t h e  p l a n a r  prob- 
lems t r a v e r s e  on ly  a small f r a c t i o n  of  t h e  t o t a l  number o f  s t a t e  
b l o c k s .  Moreover, one would expec t  t h a t  l i m i t i n p  t h e  r e p i o n  of  
i n t e r e s t  would reduce  t h e  number of  c o n t r o l  a l t e r n a t i v e s  as w e l l .  
Thus, i t  seems r e a s o n a b l e  t h a t  " l o c a l "  s o l u t i o n s  t o  3D-problems 
might  b e  o b t a i n e d  w i t h  computer r e sources  t h a t  are comparable t o  
t h o s e  used i n  o b t a i n i n g  t h e  " g l o b a l "  s o l u t i o n  t o  t h e  p l a n a r  combat 
g--.-_,- rob lem . 
We have already s e e n  how some s t a t e s  mip;ht b e  e l i m i n a t e d  because 
t h e y  co r re spond  t o  t e r m i n a t i o n  o f  t h e  engagement through "escape"  
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pyese r i t ,  f o r m u l a t i  or1 t h e  c o m p u t a t i o ~ i a l  burden depends , i n  a combin- 
a t o r i a i  wa:y, on t:,e nuli!ber o f  conc ro l  c h o i c e s  for each  p l a y e r .  
T f  I; ar;d I' a r e  t h e  n u r b e r  o f  c h o i c e s  f o r  p u r s u e r  and e v a d e r ,  re -  
spec t ivc l : : ,  ther ;  t r a n s i t i o n  p r o b a b i l i t i e s  f o r  any s t a t e - b l o c k  must 
b e  conpu ted  f o r  U x i '  p o s s i b l e  p a i r s .  Tn a d d i t i o n ,  s i n c e  a feedback 
s t r a t e p ;  co r re sponds  t o  a c o n t r o l  c h o i c e  f o r  each  s t a t e - b l o c k ,  
t h e r e  a r e  ii ar;d V p o s s i b l e  " s t r a t e p i e s "  f o r  t h e  p u r s u e r  and 
e v a d c y ,  r e s p e c t i v e l y .  k7hi l e  t h e  o p t i m i z a t i o n  p r o c e s s  f o r t u n a t e l y  
d o e s  rlct rely on d f r e c t  e v a l u a t i o n ,  t h e  1arp.e number o f  p o t e n t i a l  
s t r a t e ~ i e s  r;ialces d e t e r r i n a t i o n  o f  t h e  o p t i m a l  more d i f f i c u l t  and 
c o s t l y .  r h u s ,  a n y  v e t h o d s  t h a t  can r educe  t h e  number o f  c o n t r o l  
cho5ces fGr e; tk; t?y O Y  hot.;: players wtli have a s u b s t a n t i a l  impact 
or: t f i c  c o T p u t a t i 9 r : a i  r e o i l :  remerits. 
1; Pi 
Severa i  possibilities f o r  r e d u c i n p  t h e  c o n t r o l  c h o i c e s  s u g -  
p e s t  themselves .  Fo r  e x a n p l e ,  t h e  use of n e c e s s a r y  c o n d i t i o n s  
f o r  o p t i m a l l t y  may e l i r r i n a t e  s o r e  a l t e r n a t i v e s .  S t i p u l a t i n p  ad- 
d i t i o n a l  con t r lo l  c o n s t r a i n t s  as a f u n c t i o n  of t h e  s t a t e - b l o c k s ,  
e i t h e r  throuph p h y s i c a l  or h e u r i s t i c  arpuments , i s  a n o t h e r  s t r o n p  
p o s s i b i l i t y .  iiere we d i s c u s s  two d i r e c t  methods f o r  r e d u c i n p  t h e  
c o r , p u t a t i o n a l  load  a s s o c i a t e d  wi t t ,  t o o  many " c o n t r o l  p a i r s " .  
* 
1. S t r a t e p y  E v a l u a t l o n  and "One-Player' O p t i m i z a t l o n  -- -----_I---- -__--- 
T h e  number of  c o n t r o l  p a i r s  t o  b e  e v a l u a t e d  i s  d r a s t i c a l l y  * *  
reduced i f  w e  f i x  t h e  feedback s t r a t e p y  of  one p l a y e r .  Our com- 
p u t a t i o n  p rocedure  w i l l  t h e n  y i e l d  the  oppos inp  o p t i m a l  feedback 
w-'------------- 
+ *  Such as t h o s e  advanced i n  d i s c u s s i n p  t h e  3D-problen.. 
We could a l s o  s p e c i f y  an open-loop c o n t r o l ,  o r  what i s  e s s e n -  
t i a l l y  t h e  same, a t r a j e c t o r y  f o r  a p l a y e r .  Such mipht b e  
a p p r o p r i a t e  f o r  t h e  t a r p e t  b u t  d o e s n ' t  a p p e a r  t o  b e  f o r  t h e  
a t t a c k e r  . 
s t r a t e g y .  T h i s ,  o f  cour se ,  removes some o f  t h e  gaming a s p e c t s  
of t h e  problem. However, i t  does al low one t o  e v a l u a t e  a g iven  
s t ra tegy  o r  " t a c t i c a l  d o c t r i n e "  a g a i n s t  o p t i m a l  o p p o s i t i o n  o r ,  
c o n v e r s e l y ,  t o  de te rmine  t h e  bes t  course  o f  a c t i o n  a g a i n s t  g iven  
d o c t r i n e  . 
* 
, 2 .  S t r a t e g y  Op t imiza t ion  
C u r r e n t l y ,  w e  i t e r a t e  t o  determine which  of t h e  U (and V )  
I c o n t r o l  c h o i c e s  i s  op t ima l  i n  each o f  t h e  N-state b l o c k s .  A s  
1 no ted  above, t h i s  amounts t o  choosing t h e  o p t i m a l  s t ra tep ies  from among UN and VN p o s s i b i l i t i e s .  An a l t e r n a t e  approach  i s  t o  p re -  
s p e c i f y  s e v e r a l  p o s s i b l e  feedback  s t ra tepies  fo r  each p l a y e r  and 
t h i s  imposes a c o n s t r a i n t  on t h e  problem. Undoubtedly,  t h e  com- 
p u t a t i o n  a s s o c i a t e d  w i t h  t h e  o p t i m i z a t i o n  p o r t i o n  o f  t h e  problem 
would b e  reduced  i f  t h e  number o f  p o s s i b l e  stratee;ies i s  kep t  
w i t h i n  r e a s o n a b l e  bounds.  What of t he  computat ion o f  t r a n s i t i o n  
p r o b a b i l i t i e s ?  T h e o r e t i c a l l y ,  if t h e  number of p r e - s p e c i f i e d  
s t r a t eg ie s  (say S )  was e q u a l  t o  o r  greater  t h a n  t h e  number of  
p o s s i b l e  c o n t r o l  cho ices  ( i . e . ,  U o r  V ) ,  one m i g h t  no t  s ave  a t  
a l l  i n  computing t r a n s i t i o n  p r o b a b i l i t i e s .  I n  p r a c t i c e ,  however, 
even  if S>U (or  S>V),  w e  would expect  g r e a t  s a v i n g s .  The r e a s o n  
f o r  t h i s  is t h a t  many of t h e  cand ida te  feedback s t r a t e g i e s  would 
undoubtedly have large r e g i o n s  o f  t h e  s t a t e  space i n  which t h e  
c o n t r o l  c h o i c e s  were i d e n t i c a l ;  when such  i s  t h e  case i n  t h o s e  
r e g i o n s ,  w e  need only compute t h e  t r a n s i t i o n  p r o b a b i l i t i e s  appro-  
p r i a t e  t o  t h e  common c o n t r o l  choices .  
I 







Such as energy maneuverab i l i t y  s t r a t e g i e s .  
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